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Abstract
We use an elliptic system of equations  with complex coefficients for a set 
of complex-valued tensor fields as a tool to construct infinite-dimensional 
families of non-singular stationary black holes, real-valued Lorentzian 
solutions of the Einstein–Maxwell-dilaton-scalar fields-Yang–Mills–Higgs–
Chern–Simons- f (R) equations  with a negative cosmological constant. The 
families include an infinite-dimensional family of solutions with the usual 
AdS conformal structure at conformal infinity.

Keywords: black holes, stationary spacetime, negative cosmological constant

1.  Introduction

There is currently considerable interest in the literature in space-times with a negative cosmo-
logical constant. This is fueled on one hand by studies of the AdS-CFT conjecture and of the 
implications thereof: Indeed, this problem is of immediate physical interest in the context of 
the weakly coupled supergravity limit of the AdS/CFT correspondence. On the other hand, 
these solutions are interesting because of a rich dynamical morphology: existence of peri-
odic or quasi-periodic solutions, and of instabilities. All this leads naturally to the question 
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of existence of stationary solutions of the Einstein equations  with Λ < 0, with or without 
sources, and of properties thereof.

This manuscript is the fourth in a series of papers, starting with [13], which are devoted 
to proving existence of a large class of solutions to the Einstein equations with negative cos-
mological constant by perturbation of known ones. All of these papers are further related 
by the fact that the field equations can be transposed to an elliptic system on a conformally 
compact Riemannian manifold. The system is solved by an implicit function theorem argu-
ment under a non degeneracy hypothesis. This can be traced back to earlier work of Graham 
and Lee [20] on constructing Einstein metrics on (n + 1)-dimensional balls with Sn boundary, 
as generalized to more general infinities by Lee [25] (compare [7] for more general symmet-
ric spaces). Using such methods, in [14, 15] we have constructed infinite dimensional fami-
lies of non-singular strictly stationary space times, solutions of the Einstein equations with 
a negative cosmological constant and with various matter sources. These families include an 
infinite-dimensional family of solutions with the usual AdS conformal structure at conformal 
infinity. The construction there did not provide any black hole solutions, as strict stationarity is 
incompatible with existence of horizons. However, black hole solutions are of special interest. 
In fact, various such solutions have already been constructed numerically: For example, static 
Einstein–Yang–Mills black holes have been constructed in space-time dimension five in [29], 
with four-dimensional solutions constructed in [9], and higher dimensional ones in [28]. In 
[27] an explicit five-dimensional such solution has been given. Rotating Einstein–Maxwell-
Chern–Simons solutions have been presented in [10]. In [19] a family of five-dimensional 
black holes was constructed satisfying the Einstein-complex scalar field equations, with a 
stationary geometry and time-periodic scalar field; compare [5].

The object of this work is to provide a rigorous existence proof for large families of such 
solutions. The idea is to use a ‘Wick rotation’ to construct suitable solutions of a system of 
elliptic equations with complex coefficients for a complex valued ‘Riemannian metric’. In a 
nutshell, we show that Lee’s theorem on existence of perturbed Poincaré–Einstein Riemannian 
metrics [25, theorem A] can be extended to complex valued ‘metrics’, and to more general 
equations, and that this can be used to construct stationary Lorentzian black hole solutions 
with large classes of matter sources. This proceeds as follows:

We wish to construct a Lorentzian metric g in any space-dimension n � 3, with Killing 
vector X = ∂/∂t, satisfying the Einstein–Maxwell-Chern–Simons-Yang–Mills-dilaton-scalar 
fields equations, with a stationary geometry but possibly time-periodic complex fields, or the 
f (R) equations. In adapted coordinates the metric can be written as

g = −V2(dt + θidxi
︸︷︷︸
=:θ

)2 + gijdxidx j

︸ ︷︷ ︸
=:g

,
� (1.1)

∂tV = ∂tθ = ∂tg = 0 .� (1.2)

Let us introduce a complex parameter a ∈ C and consider the complex-valued tensor field

g = −V2(dt + aθ)2 + g ,� (1.3)

satisfying (1.2). We will say that a complex valued symmetric tensor field g is a complex met-
ric if g is symmetric and invertible. Replacing dt by −i dt  in (1.3), where i =

√
−1 , we obtain 

a complex metric with Riemannian real part:

g := V2(dt + aiθ)2 + g .� (1.4)

P T Chruściel et alClass. Quantum Grav. 35 (2018) 035007
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Under such a substitution the field equations  transform in a controlled way, for example 
t-independent vacuum metrics lead to t-independent, possibly complex valued, tensor fields 
satisfying the vacuum equations, etc.

Working near a (real-valued) static Einstein metric ̊g = V̊2dt2 + g̊ satisfying a non-degen-
eracy condition (as defined in the paragraph after equation (3.5) below) we will

	(1)	construct complex metrics reminiscent of (1.4) which solve the vacuum Einstein equa-
tions for small |a|, and

	(2)	show that V, g and θ are real-valued if a ∈ R.

(Incidentally, we will also show that g, and hence g, is analytic in a, an interesting prop-
erty of the stationary metrics at hand which has does not seem to have been noticed so far.) 
After ‘undoing the Wick rotation’ leading from (1.3) to (1.4), we will show that the resulting 
Lorentzian space-time has a smooth event horizon at suitable zeros of V.

The construction guarantees that V has zeros when V̊  did, and leads indeed to the desired 
Lorentzian black-hole solution of the Einstein, or Einstein-matter equations.

Our non-degeneracy condition is satisfied by large classes of metrics, including all four-
dimensional Kottler metrics except the spherical ones with a single critical value of the mass 
parameter [16] (see also [4, proposition D.2]). It is clear that the method opens further pos-
sibilities, which remain to be explored. For example, the technique is used in [17] to construct 
boson star solutions.

2.  Elliptic equations with complex principal symbol

Consider an n-dimensional (real) manifold M. Complex-valued tensor fields over M are 
defined as sections of the usual (real) tensor bundles over M tensored with C. In other words, 
all coordinate transformations are real but we allow tensors to have complex components. We 
emphasise that the ‘Wick rotation’ above is not considered to be a coordinate transformation, 
but a useful device mapping one set of equations and fields to another, more convenient, one.

As already mentioned, we will say that a two-covariant complex valued tensor g is a com-
plex metric if g is symmetric and invertible.

Let Φ = (ΦA), A = 1, . . .N , be a collection of complex valued fields, forming a section of 
a complex bundle over M. Let g be a complex metric and consider a collection of N equa-
tions of the form

gij∂i∂jΦ
A = FA(g, ∂g,Φ, ∂Φ),� (2.1)

with some functions FA which will be assumed to depend smoothly upon their arguments. 
This can be rewritten as the following collection of 2N equations for 2N real fields (�Φ,�Φ):

�gij∂i∂j�ΦA = �
(
FA(g, ∂g,Φ, ∂Φ)

)
+ �gij∂i∂j�ΦA,� (2.2)

�gij∂i∂j�ΦA = �
(
FA(g, ∂g,Φ, ∂Φ)

)
−�gij∂i∂j�ΦA.� (2.3)

We will say that (2.1) is elliptic if the system (2.2) and (2.3) is elliptic in the usual sense 
for PDEs involving real-valued functions. The principal symbol of (2.2) and (2.3) is bloc-
diagonal, built out of blocs of the form

(
�gijkikj −�gijkikj

�gijkikj �gijkikj

)
.� (2.4)

This is an isomorphism for k �= 0 if and only if

P T Chruściel et alClass. Quantum Grav. 35 (2018) 035007
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(�gijkikj)
2 + (�gijkikj)

2 > 0.� (2.5)

Hence, if �gij  is positive-definite then (2.1) will be elliptic regardless of �gij . More impor-
tantly for us, when �gij  is small enough all the usual elliptic estimates, as needed for our 
analysis below, apply to (2.2) and (2.3), and hence to (2.1). Likewise, isomorphism properties 
for a real-valued g carry over to nearby complex-valued g’s. As we will be using an implicit 
function theorem around real valued Riemannian metrics, our perturbation of �gij , as well 
as �gij  will always be sufficiently small for the estimates and the isomorphism properties to 
remain valid.

3. The setup

We work in space-time dimension d := n + 1 and we normalise the cosmological constant to

Λ = −n(n − 1)
2

;� (3.1)

this can always be achieved by a constant rescaling of the metric.
Let ∇̊ denote the covariant derivative associated with the metric ̊g, set

λµ :=
1√
det g

∇̊α(
√
det ggαµ).� (3.2)

(In (3.2) the derivative ∇̊ is of course understood as a covariant derivative operator acting on 
tensor densities.) Denoting by Rµ

αβγ the Riemann tensor of g, similarly for the Ricci tensor, 
we set

RH
αβ := Rαβ +

1
2
(
gαµ∇̊βλ

µ + gβµ∇̊αλ
µ
)
.� (3.3)

Then the linearisation with respect to the metric, at g = g̊, in dimension d  =  n  +  1, of the map

g̊ �→ RH
αβ + (d − 1)gαβ

is the operator

P̊ :=
1
2
(∆̊L + 2n),� (3.4)

where the Lichnerowicz Laplacian ∆̊L  acts on symmetric two-tensor fields h as

∆̊Lhαβ := −∇̊γ∇̊γhαβ + R̊αγhγβ + R̊βγhγα − 2R̊αγβδhγδ .� (3.5)

We will say that a metric ̊g is non-degenerate if ∆̊L + 2n has no L2-kernel. This should not 
be confused with the notion of non-degenerate black holes, also called extreme black holes, 
which is the requirement of non-zero surface gravity.

Large classes of non-degenerate Einstein metrics are described in [1, 2, 4, 25], see also 
remark 4.10 below.

It follows immediately from the openness of the set of invertible operators that if g̊ is a 
real-valued non-degenerate Riemannian metric, then all nearby (in a suitable topology, as 
determined by the problem at hand) complex valued metrics will also be non-degenerate.

The following is well-known (see, e.g. the proof of theorem A at the end of [25], compare 
[20] for the Poincaré ball):

Proposition 3.1.  Suppose that ̊g is non-degenerate and that P̊h = 0, for a tensor field h 
satisfying

P T Chruściel et alClass. Quantum Grav. 35 (2018) 035007
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|h|̊g = o(1)� (3.6)

as the conformal boundary is approached. Then h ≡ 0.

Our solutions will be perturbations of a space-time (M , g̊) with a static metric ̊g solving 
the vacuum Einstein equations with a negative cosmological constant. By definition of static-
ity, near every point in (M , g̊) at which the Killing vector is timelike there exist coordinates 
in which the metric takes the form (1.1) and (1.2) with θ ≡ 0,

g̊ = −V̊2dt2 + g̊ijdxidx j

︸ ︷︷ ︸
=:̊g

, ∂tV̊ = ∂t̊g = 0 .
� (3.7)

The solutions we are about to construct will be defined in the domain of outer communica-
tions, where the representation (3.7) is in fact global.

In this work we will consider two cases:

	H1.	V̊  is strictly positive, M  is diffeomorphic to R× M , where the coordinate t along the R  
factor labels the static slices of ̊g in M . We set

M = S1 × M,

		 thus time translations in M  become rotations of the S1-factor of M.

		 In this case our analysis below provides an alternative proof of the results in [13, 15].

	H2.	We allow g̊ to describe a static vacuum black-hole metric with a Killing horizon with 
non-zero surface gravity and with global structure similar to that of the domain of outer 
communications in the Schwarzschild–anti de Sitter (S–AdS) black holes. More precisely, 
we assume that the Lorentzian manifold M  takes the form

M = R× [R0,∞)× n−1N ,

		 for some R0  >  0, where n−1N  is a compact (n − 1)-dimensional boundaryless manifold. 
We require that R× {R0} × n−1N  coincides with the zero-level set of V̊  which, in a 
suitable extension of M , becomes an event horizon with non-zero surface gravity. The 
coordinate t along the R-factor labels the static slices of M . We further assume that after 
a ‘Wick rotation’, where dt2 is replaced by −dt2, the resulting Riemannian metric

g̊ := V̊2dt2 + g̊.� (3.8)

		 extends to a smooth metric on

M = R2 × n−1N ,

		 with the action of the flow of the vector field

X := ∂t� (3.9)

		 being rotations of the R2 factor.

		 In this case our analysis generalises the results in [13, 15] to black-hole solutions.

An example of H2 above is given by the (n + 1)-dimensional Schwarzschild–anti  de Sitter 
metrics with non-vanishing surface gravity, where n−1N  is the (n − 1)-dimensional sphere 
Sn−1 and M = R2 × Sn−1. More generally, the (n + 1)-dimensional Birmingham metrics [8], 

P T Chruściel et alClass. Quantum Grav. 35 (2018) 035007
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where n−1N  is an (n − 1)-dimensional Einstein manifold, with non-extreme horizons are of 
this form.

4. The construction

To avoid a discussion of the technicalities associated with the matter fields, we will start by 
describing in some detail the construction of the vacuum solutions. Note, however, that the 
argument is essentially the same in both cases, once the isomorphisms needed to handle mat-
ter fields have been established. The key difference is in the boundary conditions: the vacuum 
stationary solutions are determined by their asymptotic data at the conformal boundary, and 
might have a non-standard conformal infinity when these data are not the usual AdS ones6. On 
the other hand, our non-vacuum solutions are determined by both the asymptotic data for mat-
ter fields and for the metric, which allows existence of nontrivial solutions with the manifestly 
standard AdS conformal structure at timelike infinity.

4.1.  Vacuum solutions

We denote by ρ a coordinate near ∂M  which vanishes at ∂M , and by C�,α(∂M, T1) the space 
of one-forms on ∂M  of C�,α-differentiability class.

We have the following:

Theorem 4.1.  Let n = dimM � 3, k ∈ N� {0}, α ∈ (0, 1), and consider a static Lorentzi-
an real-valued Einstein metric ̊g of the form (1.1) and (1.2) as described in section 3, such that 
the associated Riemannian metric g̊ is C2 compactifiable and non-degenerate, with smooth 
conformal infinity. We further assume that the hypotheses H1 or H2 of section 3 hold. For all 

a ∈ R with |a| small enough and every smooth real-valued θ̂ ∈ Ck+2,α(∂M, T1) there exists 
a unique, modulo diffeomorphisms which are the identity at the boundary, nearby stationary 
Lorentzian real-valued vacuum metric of the form (1.1) and (1.2) such that, in local coordi-
nates near the conformal boundary ∂M ,

V − V̊ = O(ρ), θi = aθ̂i + O(ρ), gij − g̊ij = O(1).� (4.1)

The Lorentzian solutions with V  >  0 (case H1) are globally stationary, in the sense that 
they have a globally timelike Killing vector. We show in section 5 below that the Lorentzian 
solutions with V vanishing (case H2) describe smooth black holes.

Remark 4.2.  Large families of static vacuum metrics g satisfying the conditions of the 
theorem have been constructed in [3, 4]. In particular if g is non-degenerate, then the nearby 
metrics as constructed in [3, 4] also are.

Remark 4.3.  The decay rates in (4.1) have to be compared with the leading order behavior 
ρ−2 both for V̊2 and ̊gij in local coordinates near the conformal boundary. A precise version 
of (4.1) in terms of weighted function spaces reads (our notation for function spaces follows 
[25])

(V − V̊) ∈ Ck+2,α
1 (M), (g − g̊) ∈ Ck+2,α

2 (M,S2),� (4.2)

6 Note that some non-trivial asymptotic data are compatible with the usual locally conformally flat structure of the 
conformal boundary. An example is provided by the Demiański–Carter ‘Kerr–anti-de Sitter’ solutions, see [22,  
appendix B].

P T Chruściel et alClass. Quantum Grav. 35 (2018) 035007
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θ − aθ̂ ∈ Ck+2,α
2 (M, T1),� (4.3)

and the norms of the differences above are small in those spaces. If the boundary data are 
smooth, then the solution has a complete polyhomogeneous expansion at the conformal 
boundary.

Proof. We start by solving on M the ‘harmonically-reduced Riemannian Einstein equations’,

RH
αβ + ngαβ = 0,� (4.4)

for a complex-valued tensor-field g, with the asymptotic conditions

V − V̊ = O(ρ), θk = iaθ̂k + O(ρ), gk� − g̊k� = O(1).� (4.5)

Here we have extended θ̂  from ∂M  to S1 × ∂M by imposing invariance under rotations of the 
S1 factor.

The existence of a solution, for all a ∈ C with |a| small enough, follows by rewriting the 
equations as in (2.2) and (2.3) (with (ΦA) = (gµν)), and applying the implicit function theo-
rem. This can be done because of our hypothesis of non-degeneracy of ̊g; see [4, 13] for the 
analytical details. In particular (4.2) and (4.3) hold.

The implicit function theorem guarantees that the solutions sufficiently close to ̊g with the 
asymptotics (4.5) are uniquely determined by aθ̂ . We denote by g(a) this solution.

The usual argument, spelled-out in detail e.g. in [15, section  4], applies to show that 
λµ ≡ 0, so that:

Lemma 4.4.  The complex metrics g(a) solve the Riemannian Einstein equations.� □ 

We continue by showing that:

Lemma 4.5.  The complex metrics g(a) are invariant under rotations of the S1 factor of M 
in the case H1, or of the R2 factor in the case H2.

Proof.  Let us denote by P(a) the operator obtained by linearising (4.4) at g(a); compare 
(3.4). The Lie derivative of (4.4) with respect to X gives

P(a)LXg(a) = 0,� (4.6)

where LX  is the Lie-derivative with respect to the vector field X generating rotations of the S1 
factor of M in the case H1, or of the R2 factor in the case H2; we have also used the fact that 
LX g̊ = 0. It follows from (4.2) and (4.3) and polyhomogeneity of the solutions that

LXV ∈ Ck+1,α
1 (M), LXg ∈ Ck+1,α

2 (M,S2),� (4.7)

LXθ ∈ Ck+1,α
2 (M, T1).� (4.8)

This, together with proposition 3.1, implies LXg ≡ 0, as desired.� □ 

Denoting by t the usual angular coordinate on the R2 factor (H2 case), or the parameter 
along S1 (H1 case), we can thus write the metrics g(a) in coordinates adapted to the flow of X 
in the form

g(a) := V(a)2(dt + aiθ(a)kdxk)2 + g(a)ijdxidx j .� (4.9)

P T Chruściel et alClass. Quantum Grav. 35 (2018) 035007
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Lemma 4.6.  In coordinates as in (4.9), the functions V(a), gij(a) and θ(a)i are even func-
tions of a.

Proof.  Let ψ : M → M denote the map which, in the coordinates of (4.9) changes t to 
its negative, leaving the remaining coordinates unchanged. Then ψ is a smooth isometry of 
(M, g̊). The metric ψ∗g(a) satisfies the same equation, with same asymptotic data, as g(−a), 
and is close to ̊g for |a| sufficiently small, so that uniqueness gives

ψ∗g(a) = g(−a),� (4.10)

which implies the claim.� □ 

Lemma 4.7.  The metrics g(a) are holomorphic functions of a.

Proof.  It is standard to show that the metrics g(a) are continuously differentiable functions 
of a. Differentiating (4.4) with respect to a  gives

P(a)
∂g(a)
∂a

= 0,

where ∂/∂a is the usual complex-derivative operator with respect to the complex conjugate a  

of a. The vanishing of the asymptotic data for ∂g(a)
∂a  gives ∂g(a)

∂a ≡ 0.� □ 

Now, if a ∈ iR, we can repeat the above construction in the space of real-valued Riemannian 
metrics. Uniqueness implies then that the corresponding metrics iR � a → g(a) are real-val-
ued. Hence all the coefficients g(xα)µνk in the convergent Taylor expansions

g(a, xα)µν =
∑
k∈N

g(xα)µνk(ia)k
� (4.11)

are real. Lemma 4.6 implies that V(a), the gij(a)’s, and the θ(a)i’s are real for real a. It follows 
that for real a the real-valued Lorentzian metrics

g(a) := −V(a)2(dt + aθ(a)kdxk)2 + g(a)ijdxidx j� (4.12)

satisfy all our claims.� □ 

4.2.  Matter fields

We now seek solutions to the Einstein–Yang–Mills–Higgs–Maxwell-dilaton-scalar fields-
Chern–Simons equations defined by the action

S =

∫
dn+1x

√
− det g
16πG

[
R(g)− 2Λ− W(Φ)|F|2 − 1

2
(∇Φ)2 − V (Φ)

]
+ SCS.

�

(4.13)

Here R(g) is the Ricci scalar of the metric g, W and V  are smooth functions, |F| is the gauge-
invariant norm of a possibly non-Abelian Yang–Mills field, Φ is allowed to be a section of a 
bundle associated to the possibly non-Abelian gauge-group, with ∇Φ depending if desired 
upon the Yang–Mills gauge potential. Finally, in even space dimension n, SCS is the Chern–
Simons action which, in the Abelian case, takes the form:

P T Chruściel et alClass. Quantum Grav. 35 (2018) 035007
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SCS =




0, n is odd;
λ

16πG

∫
A ∧ F ∧ · · · ∧ F︸ ︷︷ ︸

k times

, n = 2k,� (4.14)

for a constant λ ∈ R . In the general (non-Abelian) case SCS is given by [11, equation (3.5)]

SCS =
λ

16πG

∫
Tr

(
k∑

i=0

Ck,iA ∧ [A, A]i ∧ Fk−i

)
,� (4.15)

when n  =  2k and

Ck,i =
(−1)i(k + 1)!k!

2i(k + 1 + i)!(k − i)!
.� (4.16)

We obtain:

Theorem 4.8.  Let n = dimM � 3, k ∈ N� {0}, α ∈ (0, 1), and consider a static Lor-
entzian real-valued Einstein metric g̊ of the form (1.1) and (1.2) as described in section 3, 
such that the associated Riemannian metric ̊g is C2 compactifiable and non-degenerate, with 
smooth conformal infinity, has no harmonic one-forms which are in L2 and V ′′(0) which is 
not an L2-eigenvalue of the operator ∆g̊. We further assume that the hypotheses H1 or H2 of 
section 3 hold and that

W(0) = 1, V (0) = 0 = V ′(0), V ′′(0) > −n2/4.� (4.17)

For all a ∈ R with |a| small enough, every smooth real-valued θ̂ ∈ Ck+2,α(∂M, T1) and 
Û ∈ Ck+2,α(∂M) and

	(1)	V ′′(0) < 0 with Â ∈ Ck+2,α(∂M, T1), and Φ̂ ∈ ρσ−Ck+2,α(∂M) (where 
σ− = n/2 −

√
n2/4 + V ′′(0)) which are sufficiently small smooth fields on ∂M , or

	(2)	Φ̂ ≡ 0, and Â ∈ Ck+2,α(∂M, T1) which is a sufficiently small smooth field on ∂M ,

there exists a unique, modulo diffeomorphisms which are the identity at the boundary, nearby 
stationary Lorentzian solution of the Einstein–Maxwell-dilaton-scalar fields-Chern–Simons 
equations, or of the Yang–Mills–Higgs–Chern–Simons-dilaton equations with a trivial princi-
pal bundle, so that, in local coordinates near ∂M , we have

g →ρ→0 g̊, V →ρ→0 V̊ , θ →ρ→0 aθ̂,

U →ρ→0 aÛ, A →ρ→0 Âadxa, Φ →ρ→0 Φ̂
�

(4.18)

with all convergences in ̊g-norm. The hypothesis of non-existence of harmonic L2-one-forms is 

not needed if Â ≡ 0 ≡ Û , in which case the Maxwell field or the Yang–Mills field are identi-
cally zero.

Remark 4.9.  The remarks in [15, section 7] concerning the energy and the asymptotics of 
the solutions remain valid word-for-word in the current setting.

Remark 4.10.  For the convenience of the reader we repeat here the comments from [15] 
concerning the kernel conditions in the theorem.
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First, it is shown in [15, appendix C] that the condition of non-existence of L2-harmonic 
forms is satisfied near anti-de Sitter space-time in any case.

Next, it has been shown by Lee [24, theorem A] that there are no L2-eigenvalues of ∆g̊ 
when the Yamabe invariant of the conformal infinity is positive, in particular near anti-de Sit-
ter and Schwarzschild anti-de Sitter space-time. Furthermore, and quite generally, V ′′(0) = 0 
is never an eigenvalue by the maximum principle. Finally, again quite generally, the L2 spec-
trum of −∆g for asymptotically hyperbolic manifolds is [n2/4,+∞[ together with possi-
bly a finite set of eigenvalues, with finite multiplicity, between 0 and n2/4 [21] (compare 
[26]), so our non-eigenvalue condition is true except for at most a finite number of values of 
V ′′(0) ∈ (−n2/4, 0) for all asymptotic geometries.� □ 

Proof.  This follows directly from the arguments of [15]: The indicial exponents of the rel-
evant equations remain unchanged, as terms containing θ, which are here multiplied by ia, 
are of lower order in ρ. Note that the solutions obtained below using the implicit function 
theorem might a priori depend upon the ‘periodic time coordinate’ t, but this is irrelevant for 
the calculation of the indicial exponents.

We start by sketching the argument in the case of a single real-valued scalar field Φ, which 
satisfies the equation

∇α∇αΦ− V ′(Φ) = 0.

Its indicial exponents are σ± = n/2 ±
√

n2/4 + V ′′(0), unchanged from those in [15], as 
gtt = −V−2 = O(ρ2) so that terms arising from t derivatives are of lower order. We assume 
−n2/4 < V ′′(0) < 0 so that the solutions show the desired asymptotics. By [15, theorem 
D.1], using the assumption that V ′′(0) is not an L2 eigenvalue of ∆g̊, it follows that the lineari-

sation (∆g̊ − V ′′(0)) is an isomorphism from Ck+2,α
σ−+s  to Ck,α

σ−+s for small s  >  0.

Then LXΦ ≡ 0 by the same argument as in the proof of lemma 4.5 above: Applying LX  to 
the equations and using LX g̊ = 0 gives

{
P(a)LXg = LX

(
q1[V − V̊ , g − g̊, θ,Φ]

)
,

(∆g̊ − V ′′(0))LXΦ = q2[V , g, θ,Φ].
� (4.19)

Here q1 is a linear combination of the energy-momentum tensor of the scalar field and its 
trace times the metric, and is at least quadratic in its arguments and their derivatives, so that 
LXq1 is a linear first-order differential operator in (LXg, LXΦ). Furthermore, each term in 
q2 is linear in Φ or its derivatives and contains an LX  derivative of one of the arguments. Φ 

behaves asymptotically as in [15], i.e. Φ = ρσ−Φ̂ + o(ρσ−) and, using LXΦ̂ = 0, we have 
LXΦ = o(ρσ−). As the coefficients of LXΦ and LXg, and of their first derivatives, on the 
right-hand side of (4.19) are small in the relevant spaces (e.g. the coefficients of the LXΦ 
terms on the right-hand side of the second equation are small in Ck,α

0 ), we can use proposi-
tion 3.1 and the isomorphism properties of (∆g̊ − V ′′(0)) described above to conclude that 
LXg ≡ 0 and LXΦ ≡ 0.

Next, we show that V , g, θ,Φ are even functions of a: ψ∗(g(a),Φ(a)) satisfy the same 
equations as (g(−a),Φ(−a)), with identical asymptotic data (since Φ̂ is independent of a, the 
only relevant terms are the asymptotic data for g(a)0j = −iag(a) jkθ(a)k  which are unchanged 
under (t, a) �→ (−t,−a)) and by uniqueness we have Φ(a) = ψ∗Φ(a) = Φ(−a), similarly for 
V, g, θ.
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Therefore Φ(a), V(a), gij(a), θi(a) are real for real a by the same argument as for V(a), 
gij(a), θi(a) above.

Rather similar considerations apply for the whole system of Einstein–Maxwell-dilaton-
Yang–Mills–Higgs–Chern–Simons-scalar fields equations: The matter equations arising from 
the action (4.13) are




1
V
√

det g
∂µ(V

√
det gWFµν) + Bν

CS = 0,
1

V
√

det g
∂µ(V

√
det ggµν∂νΦ)− W ′(Φ)|F|2 − V ′(Φ) = 0,

�
(4.20)

where7

Bν
CS =

{
0, n is odd;
− λ

2k+2 ε
να1β1···αkβk Fα1β1 · · ·Fαkβk , n = 2k.� (4.21)

After replacing dt by −idt, the asymptotic data for the Riemannian solution, say F̂(a), take 
the form F̂(a) = d(−iaÛdt + Âidxi). They are clearly invariant under

t �→ −t and a �→ −a.� (4.22)

The only other asymptotic data that are possibly affected by (4.22) are those associated 
with the inverse metric components g(a)0j . These change sign under each of a �→ −a and 
t �→ −t . It follows

ψ∗(F(−a), g(−a),Φ(−a)) = (F(a), g(a),Φ(a)),

which again implies that (U(a), A(a),Φ(a), V(a), θ(a), g(a)) are even functions of a. As be-
fore, analyticity holds and we conclude that all these fields are real for real a.

Note that the implicit function theorem in the Riemannian regime produces essentially 
complex electric fields for real a and non-zero Û’s, which will however be mapped to real 
ones when one returns to the Lorentzian setting.� □ 

4.3.  f (R) theories

Our method allows the construction of black-hole solutions to specific f (R) theories: As 
described in e.g. [18, section  2.3] these can be reduced to the Einstein-scalar field equa-
tions with a specific potential V (Φ) by a conformal transformation, if the function f fulfills 
certain conditions. These conditions are satisfied simultaneously with our assumptions on V  
(in theorem 4.8) if

f ′ > 0, f ′′ �= 0, f ′−1(1) < 0, f ( f ′−1(1)) = f ′−1(1)/2.� (4.23)

(this is shown in detail in [15, section 5.5]). An example of a function f which fulfills these 
conditions is

7 One can check by a direct time-and-space decomposition of the equations that the ‘Wick rotation’ dt → −idt, 
∂t → i∂t, is consistent with the Chern–Simons terms in the equations by defining εα1...αd as (− det g)−1/2ε̊α1...αd , 
where ̊εα1...αk is totally antisymmetric with values in {0,±1}, with the cut in the definition of 

√
z , z ∈ C, lying  

e.g. on the positive imaginary axis, so that 
√

z2 = z both near z  =  −i and near z  =  1.
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f (R̃) = dR̃ + cR̃α+1 + e,� (4.24)

where R̃ is the Ricci scalar in the f (R̃) theory (i.e. before the conformal transformation) and 
d  <  1, c  <  0, α = 1, 3, 5, . . ., and

e =
α(1 − 2d)− 1

2(α+ 1)
α

√
1 − d

c(α+ 1)
,

are constants.

4.4. Time-periodic scalar fields

Similarly to [15, section 6.1] we can use the method there to construct solutions with a time-
periodic complex scalar field Φ(t, x) = eiωtψ(x) where ω ∈ R is a constant and ψ(x) is allowed 
to be complex. We assume that

V (Φ) = GV (ΦΦ̄) and W(Φ) = GW(ΦΦ̄)� (4.25)

for some differentiable functions GV  and GW , and replace the term (∇Φ)2 in the action by 
∇αΦ∇αΦ, where Φ  is the complex conjugate of Φ.

The Lorentzian Φ equation for a complex scalar field Φ = eiωtψ takes the form

∆g(eiωtψ)− GW
′(ψψ̄)eiωtψ|F|2 − GV

′(ψψ̄)eiωtψ = 0.� (4.26)

This leads to the following associated Riemannian equation

∆g(eaωtψ)− GW
′(ψψ̄)eaωtψ|F|2 − GV

′(ψψ̄)eaωtψ = 0
⇐⇒

0 = ∆gψ + 2aωg(Dt, Dψ) + |dt|2ga2ω2ψ + aωψ∆gt

−GW
′(ψψ̄)ψ|F|2 − GV

′(ψψ̄)ψψ,

� (4.27)

where the crucial difference to a naive replacement t �→ −it (and therefore Φ �→ eωtψ) is 
that the argument of GW

′ and GV
′ is ψψ̄ instead of ΦΦ̄ = e2ωtψψ̄. The equations (4.26) and 

(4.27), together with the respective Lorentzian and Riemannian equations for the other vari-
ables, are equivalent: The bijection

(V , θ, g, U, A,ω,ψ) �→ (iV , iθ, g,−iU, A,−iω,ψ)� (4.28)

maps Lorentzian solutions to Riemannian ones.
As such, the first equation (4.27) does not make sense for periodic t’s, but the second does. 

Note, however, that Dt and |dt|2 are singular at an axis of rotation of ∂t, if there is one. This 
forces us to restrict ourselves to strictly stationary configurations, without black holes, when 
ω �= 0. As a consequence, in this section we merely reproduce the results already proved in 
[15] for rotating complex fields, albeit by a somewhat simpler argument.

Applying LX  to the second equation in (4.27) gives

0 =∆g(LXψ) + 2ωg(Dt, DLXψ)− LX
(
GV

′(ψψ̄)ψ + GW
′(ψψ̄)ψ|F|2

)

+ O(ψLXg) + O(DψLXg) + O(DDψLXg) + O(ρLXψ),

and therefore

(∆g̊ − GV
′(0)) (LXψ) = q3[g,ψ, U, A],�

(4.29)

P T Chruściel et alClass. Quantum Grav. 35 (2018) 035007



13

where each term in q3 is at least linear in its arguments or their derivatives and contains an LX  
derivative of g, ψ, U, or A.

We can now argue as before to obtain LX(g,ψ, U, A) ≡ 0 if the asymptotic data are invari-
ant under LX .

The equation for ψ is then

V−1Di(Vgij∂jψ)−
(
GW

′(ψψ̄)|F|2 + GV
′(ψψ̄)

)
ψ

+ (V−2 − a2θkθ
k)a2ω2ψ + ia2ω(θ j∂jψ + V−1Dj(Vθ jψ)) = 0.

� (4.30)

All terms in this equation are well defined and, by the results of [15], we obtain a solution 
of the complete system of equations. As ψ is independent of t, no difficulties associated with 
the periodicity of the t coordinate arise. After transforming back via the inverse of (4.28) we 
obtain a time-periodic solution Φ(t, x) = eiωtψ(x) to the original equations.

5.  Geometry of the solutions

We wish to show that the solutions constructed above with topology M = R2 × n−1N  cor-
respond to smooth black holes on the Lorentzian side. (In fact, the Lorentzian metric will be 
one-sided-analytic up-to-horizon [6] near the horizon, but this is irrelevant for the problem 
here.) For this, we recall some standard facts about isometries. Let us denote by

Z := {0} × n−1N� (5.1)

the codimension-two submanifold of M which is the zero-set of the Killing vector X gener-
ating rotations of R2. Then Z  is a totally-geodesic submanifold of (M,�g). In coordinates 
(x, y) normal for the metric �g, on each of the planes �g–orthogonal to Z  the vector field X 
takes the standard Euclidean form

X = x∂y − y∂x.

This shows that in these coordinates a rotation Rπ by an angle π, which is the map 
(x, y) �→ (−x,−y), is an isometry of �g which leaves invariant �g. Let us choose local coor-
dinates (xa) on Z , and extend them to be constant along �g–geodesics �g–normal to Z . We 
will denote by (xA) the coordinates (x, y). One obtains

�gab(x, y, xc) = �gab(−x,−y, xc), �gAB(x, y, xc) = �gAB(−x,−y, xc),

�gaA(x, y, xc) = −�gaA(−x,−y, xc).

In particular all odd-order derivatives of the metric functions �gab  and �gAB vanish on Z .
An analogous argument applies to θ using LXθ = 0.
Let us assume for definiteness that a ∈ R, thus θ is purely real. It is then standard to derive 

the following form of the metric in coordinates (ϕ, ρ, xa), where (x, y) = (ρ cosϕ, ρ sinϕ) 
(compare [12, section 3] for detailed calculations in a closely related setting):

�g = u2dϕ2 + hjkdx jdxk, u = ρ(1 + ρ2ψ),� (5.2)

θ =
αρ

(1 + ρ2ψ)2 dρ+ γadxa,� (5.3)

hjkdx jdxk = (1 + ρ2β)dρ2 + babdxadxb + 2ρλadxadρ− u2θiθjdxidx j,� (5.4)

and where all the non-explicit functions are smooth functions of (ρ2, xa).
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Passing to the Lorentzian regime, and replacing ϕ by a coordinate

τ = ϕ+ log ρ,� (5.5)

one checks that the Lorentzian metric g smoothly extends to a Killing horizon at ρ = 0 after 
a final change of coordinates ρ → z = 1

2ρ
2. Indeed, the Lorentzian metric g is then given by

g =− u2(dτ 2 − 2
ρ

dτdρ) + ρ2(β − 2ψ − ρ2ψ2)dρ2

+ babdxadxb + 2ρλadxadρ− u2θiθjdxidx j

=− 2(1 + ρ2ψ)2(z dτ 2 − dτdz) + (β − 2ψ − ρ2ψ2)dz2

+ babdxadxb + 2λadxadz − 2z(1 + ρ2ψ)2θiθjdxidx j ,

�

(5.6)

after substituting dΦ �→ idΦ in (5.2) and applying the coordinate transformation (5.5).
Indeed, (5.6) shows that that the Killing vector ∂τ  is null on the hypersurface {z  =  0}, and 

that this hypersurface is null, hence a Killing horizon. This is a non-rotating horizon, in the 
sense that the Killing vector which is timelike at infinity is also tangent to the Killing horizon. 
(This explains why our solutions, which can have no further symmetries than stationarity, are 
compatible with the Hollands–Ishibashi–Wald [23] rigidity theorem, which provides at least 
one more symmetry for rotating horizons.) We also see from (5.6) that the surface gravity of 
the Killing horizon {z  =  0}, calculated for the vector field ∂τ , equals one. Rescaling τ to the 
scale of the original nearby seed Birmingham solution, the surface gravity of our solutions 
will coincide with that of the seed metric in those cases with matter sources where the gravi-
tational free data at infinity have been chosen to coincide with the original ones; otherwise 
a nearby surface gravity will result when the asymptotic behaviour of the metric imposes a 
natural rescaling of the horizon Killing vector field.
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