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Abstract – In the long-wavelength limit, a periodic array of bottom-mounted vertical cylinders
may be used as a homogeneous medium for liquid surface waves and their effective parameters,
such as their refractive index, depending on the filling fraction of the cylinders. Based on this
effective medium theory, a gradient index (GRIN) lens for the focusing of liquid surface waves has
been designed and fabricated here through the gradual modification of the cylinder filling fraction
along a direction perpendicular to the lens axis. Their focusing performance and the transmission
properties for liquid surface waves are then studied both experimentally and numerically. Both the
wave patterns and spatial intensities obtained by experiment and numerical calculation demon-
strate that the GRIN lens is able to focus planar liquid surface waves within a certain frequency
region.

Copyright c© EPLA, 2014

Introduction. – There is currently an increasing
amount of interest being shown in hydroelectric power and
tidal power, owing to the fact that they are clean energies.
Increasing the harvest efficiency of water or ocean waves
is one of the key problems to be found in the utilization
of these sources of power. Hence, the manipulation of liq-
uid surface waves —focusing and collimation of waves, for
example— is needed and can be used for the concentration
of wave energy.

Liquid surface waves represent an important kind of
classic wave with similar characteristics to other kinds
—electromagnetic and sound waves, for example. In
recent years, rapid strides have been made in terms of
scientific research concerning the propagation of elec-
tromagnetic (sound) waves in photonic (phononic) crys-
tals [1–21]. Their novel properties contribute to many
interesting phenomena in wave propagation and new ap-
proaches to wave control, such as superlensing [9,10],
double negative nature [11,12], cloaking [13,14], and di-
rectional emission [15–21]. As with electromagnetic and
sound waves, liquid surface waves are also modulated
by multiple Bragg scatterings when propagating in pe-
riodic structures. Previous research has verified that
the propagation of liquid surface waves in periodic struc-
tures is also characterized by band structures and band
gaps [22–29]. In previous research, many characteristics
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similar to those realized by using photonic and phononic
crystals, including lensing effects [30–32], wave focus-
ing [33,34], self-collimation [35], negative effective grav-
ity [36,37], directional emission [38–40], cloaking [41],
and wave rotation [42], have been demonstrated with re-
spect to liquid surface waves. Similar interesting phe-
nomena in relation to photonic and phononic crystals
can thus be observed visually in experiments involving
liquid surface waves. More importantly, many new ap-
proaches to controlling the waves in rivers and oceans
could potentially be realized based on their own unique
properties.

Since liquid surface waves also follow the Bloch theorem
when they propagate through periodic structures, the ef-
fective medium theory utilized for photonic and phononic
crystals can also be extended to the research of liquid
surface waves. It is known that in the long-wavelength
limit, phononic crystals behave like homogeneous media
whose effective acoustic parameters basically depend on
the lattice filling fraction [43]. In 2005, Hu and Chan
demonstrated theoretically that, in the long-wavelength
limit, water waves propagated through an array of bottom-
mounted vertical cylinders as if water had an effective
depth and effective gravitational constant and there was
an effective refractive index which could be used with the
Snell refractive law [33]. Based on this feature, they fur-
ther proposed a water wave lens consisting of a bicon-
vex array of bottom-mounted vertical cylinders, similar
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to that used for sonic waves. Afterwards, their idea was
experimentally verified for liquid surface waves by Yang
et al. [34]. Their research provided a mechanism for con-
trolling liquid surface waves so that it would be possible
to enhance the utilization of ocean wave energy through
periodic structures.

The focusing properties of the lenses studied above are
based on their external curved surfaces. The gradient in-
dex (GRIN) lens, however, is another type of focusing
lens that has been fabricated for the focusing of light and
acoustic waves [44–48]. A GRIN lens, which is achieved
by the gradual modification of a lattice filling fraction, has
a flat surface and is easier to fabricate than a curved lens.
However, to date, there has been no research concerning
the application of a GRIN lens for liquid surface waves.
As a result, it is the focusing of liquid surface waves by
applying a GRIN lens that is under investigation in this
paper.

Theory and experiment. – A GRIN is often used
to describe an inhomogeneous medium in which the re-
fractive index varies from point to point. As shown in
fig. 1(a), if the index profile varies continuously from the
x-axis to the edges along the y-axis, the medium can curve
the waves which propagate through it along the x-axis di-
rection so as to focus them at a given point. Like the
GRIN sonic lenses designed for sound focusing [47,48], the
refractive index of a GRIN lens for liquid surface waves
can be given by the formula

n(y) = n0 sech (αy) , (1)

where α is a constant defined as

α =
1
h

cosh−1
(

n0

nh

)
, (2)

where h is the half-height of the lens, n0 is the refractive
index on the x-axis (y = 0) and nh is the refractive in-
dex at the lens edges (y = ±h). This refractive index
profile in the form of a hyperbolic secant ensures that
the wave focusing property can be realized with minimum
aberration.

In order to realize the GRIN medium for liquid surface
waves, there is a method to change the wave depth by us-
ing the uneven bottom with gradient height, which is then
based on the similarity between the shallow water surface
wave equation and the electromagnetic equation [42]. An-
other technique utilizes periodic structures to construct
equivalent refractive indexes. For instance, various effec-
tive refraction indexes can be realized by using a periodic
array of cylinders at the different wavelengths of waves
and filling fractions of cylinders.

When liquid surface waves propagate through an ar-
ray of vertical cylinders, their dispersion relation k(Q),
where Q is the Bloch wave vector, can be accurately calcu-
lated by using the multiple scattering method. Since the
dispersions are approximately isotropic and linear when

Fig. 1: (Color online) (a) The distribution of the refractive
index of a GRIN lens. (b) A GRIN lens that is realized by
adjusting the radii of cylinders along the y-axis to achieve a
hyperbolic secant refractive index profile. (c) Experimental
sample of the GRIN lens for liquid surface waves.

ka < 0.5π, namely, λ > 4a, where k is the wave num-
ber, a is the lattice constant, and λ is the wavelength,
the effective index can be defined as neff = |Q|/k. In ad-
dition, it is also found from dispersion calculations that
neff merely depends on and increases with the increased
cylinder filling fraction. Accordingly, a GRIN lens for liq-
uid surface waves of long wavelength can be designed and
fabricated by a gradual modification of the cylinder filling
fraction along the direction perpendicular to the x-axis,
as is shown in fig. 1(b).

In this study, the GRIN lens constructed by using cylin-
der arrays has been designed with a profile n(y) according
to eq. (1) with n0 = 1.15 and nh = 1.075. The vertical
rigid cylinders were distributed in a square lattice with the
lattice parameter a = 5 mm. Figure 1(c) shows the photo
of the sample GRIN lens in the experiment. The radius rl

of the cylinder in the l layer was obtained by a reverse cal-
culation from dispersion relations, where subscript l rep-
resents the layer’s number along the +y-direction. The
values of rl obtained are shown in table 1. It should be
noted that only values corresponding to the upper half of
the GRIN lens have been provided, since the lens is sym-
metrical with respect to the x-axis.

The experiment has been carried out in a horizontally
placed vessel consisting of a rectangular glass bottom and
four 10◦ slope wave-absorbing sides. To accord with other
research [29,30,34,35,42], a special liquid with a very small
capillary length (1.09 mm) was used to minimize the cap-
illary effects. The GRIN lens, which was fabricated by a
3D printer to achieve high precision, was placed on the
bottom of the vessel. The lens consisted of eight rows of
cylinder arrays with a height of 10 mm, and the cylinders
were fixed on a thin plate in order to maintain the correct
arrangement. The liquid depth was H = 5 mm over the
plexiglass plate. At the top of the vessel, a glass lid was
placed to prevent the evaporation of the liquid. A LED
lamp was hung 1.2 m above the vessel. The light pass-
ing through the vessel was reflected onto the screen by
placing a mirror below it so that the projected images of
liquid surface wave patterns could be visualized and then
captured using a digital camera. A plane-wave generator
was placed about 6 cm away from the cylinder array and
its amplitude and frequency tuned precisely by using a
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Table 1: Radius profile rl(y) of the cylinders in the GRIN lens fabricated here.

l 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
y (mm)(a) 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80
rl (mm)(b) 1.48 1.48 1.47 1.46 1.45 1.44 1.42 1.4 1.37 1.34 1.31 1.28 1.24 1.19 1.14 1.09

(a)y: The distance from the center of the cylinder in the l layer that lies along the +y-direction to the x-axis.
(b)rl: The radius of the cylinder in the l layer that lies along the +y-direction.

Fig. 2: Diagram of the experimental setup [30]. The inset (top,
right) represents the GRIN lens for liquid surface waves.

signal generator. The diagram of the experimental setup
is illustrated in fig. 2. A detailed description of a similar
experimental setup can be found elsewhere [30,34].

Results and discussion. – Figure 3 shows the pat-
terns of liquid surface waves flowing out from the GRIN
lens at different frequencies. The observed snapshots in
the experiment are displayed in the upper panels. The
dark and light areas in these snapshots represent positive
and negative vibrations, respectively. We can see that the
outgoing waves along the +x-direction are curved at all
given frequencies. However, the largest amplitudes of liq-
uid surface waves cannot be clearly observed as a result of
the uniform background intensity. As a comparison, the
simulated wave patterns at the same frequencies have been
calculated by using the finite element method and shown
in the lower panels in fig. 3. Similar wave patterns can be
found in the simulated results. The fact that the lightest
and darkest regions of a simulated image correspond to the
local extrema or antinodes of the wave patterns indicates
that the largest amplitudes of liquid surface waves appear
at certain distances from the lens, confirming the fact that
the GRIN lens can focus liquid surface waves at certain
distances. It is clear from the dispersion relation of liquid
surface waves that the corresponding wavelengths of the
given frequencies of 5.76, 6.72, 8.94, and 10.09 Hz are 7a,
5.8a, 4a, and 3.4a, respectively. Although the λ = 3.4a is
not in the long-wavelength limit, the focusing effect is also
realized owing to the fact that the gradual refractive index
profile still exists in the lens structure. Nevertheless, wave

Fig. 3: The spatial distributions of outgoing liquid surface
waves at 5.76 (a), 6.72 (b), 8.94 (c), and 10.09 Hz (d). The
upper and lower panels represent the observed and simulated
wave patterns, respectively. The dark and light areas represent
positive and negative vibrations, respectively.

focusing is no longer available for a shorter wavelength
because the higher frequencies fall in the band gap.

In order to show the focusing effects clearly and to an-
alyze the discrepancies in the results of the experiment,
the spatial intensity of liquid surface waves need to be
derived from both the experiment and the simulation.
Figure 4(a) shows that the simulated spatial distribution
of the emitted-wave intensity corresponds to fig. 3(c). An
obvious focusing effect is displayed. A narrow region along
the +x-direction showing high intensity can clearly be
seen. The wave intensities along the x-axis at y = 0 have
been plotted in fig. 4(b). A maximum transmitted wave
intensity can be found at x = 70.56a. Figure 4(c) illus-
trates the wave intensity along the y-axis at x = 70.56a.
The full transverse width at half the maximum wave
intensity along the y-axis is 3.8a and is less than one
wavelength.

Assuming that the brightness of the wave patterns can
be considered as linearly proportional to the amplitudes
of liquid surface waves [34], the spatial intensity from the
experiment can be obtained by instantaneously averag-
ing the spatial wave patterns. Although the liquid em-
ployed in the experiment has small capillary length and
viscosity, the energy loss cannot be overlooked. As we
can see in fig. 5, the amplitude changes as a function of
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Fig. 4: (Color online) Simulated results for the focusing of a
plane liquid surface wave at a frequency of 8.94 Hz. (a) The
spatial intensity of the waves in the +x-direction. The light
region indicates high intensity. (b) Transmitted wave intensity
along the x-axis at y = 0. (c) Transmitted wave intensity along
the y-axis at x = 70.56a.

Fig. 5: The wave amplitude change as a function of the travel
distance of liquid surface waves at 8.94 Hz.

the distance of plane waves travelling at a the frequency
of 8.94 Hz when the waves’ journey along the observation
region (16 cm × 48 cm) is plotted. Obviously, the wave
amplitude decreases significantly when the travelling dis-
tance is increased. Only about one-third of the amplitude
remains when the waves travel a distance of 48 cm, which
differs considerably from the assumption of no energy loss
observed in the simulation. Hence, the difference in the
distribution of the wave intensity between the experimen-
tal and simulated results is to be expected.

To minimize the difference caused by the energy loss in
the experiment and to present a better description of the
focusing effect, the measured results of the spatial wave
intensity at 8.94 Hz in the experiment have been manipu-
lated by a compensation function, which is derived from
fig. 5 so as to include the reduction of the wave ampli-
tude as a factor. The processed experimental results of
emitted-wave intensity are shown in fig. 6. Figure 6(a)

Fig. 6: (Color online) Experimental results for the focusing of a
plane liquid surface wave at a frequency of 8.94 Hz. (a) Spatial
intensity of the waves in the +x-direction. The light region
indicates high intensity. (b) Transmitted wave intensity along
the x-axis at y = 0. (c) Transmitted wave intensity along the
y-axis at x = 56.4a.

shows a wave focusing effect similar to that plotted in
fig. 4(a). The maximum transmitted wave intensity at
x = 56.4a, i.e. the focal point, is clearly illustrated in
fig. 6(b), showing the wave intensity along the x-axis at
y = 0. In addition, the wave intensity along the y-axis
at x = 56.4a is illustrated in fig. 6(c). The full transverse
width at half the maximum wave intensity along the x-axis
is 4.4a.

We are aware that a small discrepancy exists in the po-
sition of the focal point between the experiment and the
simulations. The position of the focal point along the
x-axis for the plane wave at a frequency of 8.94 Hz is about
x = 56.4a in the results of the experiment, while, in the
simulation, it is about x = 70.56a. Similar features not
only appear at other frequencies that we have observed,
but also exist in Yang’s study concerning the biconvex
lens [34]. As mentioned before and illustrated in Yang’s
study, the discrepancies seem to be caused by the capil-
lary effect and the viscosity of the liquid used in the ex-
periment. It is these two factors that cause the significant
energy loss of the waves when they travel. Meanwhile,
due to the limitations of the vessel employed in the exper-
iment, the distance between the two nearest cylinders is
not large enough so that the capillary effects will, to a cer-
tain extent, influence the effective refractive index profile
of the lens. For these reasons, the results of the experi-
ment differ from the theoretical calculations derived under
ideal conditions. A better correspondence between exper-
imental and simulated results could be expected if large
lattice sizes were used in a larger vessel thereby lessening
the capillary effect. It should be noted that in the above
discussion, the measured region and focus distance are al-
ready comparable to the lattice constant of the lens. In
the case of a = H = 1 m, for example, the frequency cor-
responding to the working wavelength of 4a is 0.598 Hz,
and the ideal position of the focal point is about 70.56 m.
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Meanwhile, elongating the long side of the lens, shortening
its short side, and decreasing the difference of the refrac-
tive indexes inside the lens are all effective methods by
which to obtain a further focus distance at a certain lat-
tice constant, liquid depth, and wave frequency.

Conclusions. – In this paper, the focusing properties
of a GRIN lens for liquid surface waves have been inves-
tigated theoretically and experimentally. The GRIN lens
was created simply by using an array of vertical cylin-
ders with gradual variational radii with an effective grad-
ual index profile in the long-wavelength limit. Both the
experimental observations and numerical simulations con-
firm its broadband performance. We have concluded that
GRIN lenses are feasible as well as reliable for liquid sur-
face waves, and their focusing ability can be used to con-
centrate the wave energy so as to enhance the harvest
efficiency of water or ocean power. In addition, the design
method of the GRIN medium can be potentially applied
to the construction of refractive devices for surface wave
control in hydraulic and ocean engineering.
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