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Abstract – The vacancy formation Gibbs free energy, enthalpy and entropy in fcc Al, Ag, Pd, Cu,
and bcc Mo are determined by first-principles calculations using the quasi-harmonic approximation
to account for vibrational contributions. We show that the Gibbs free energy can be determined
with sufficient accuracy in a single-volume approach using the fixed equilibrium volume of the
defect-free supercell. Although the partial contributions to the Gibbs free energy, namely, the
formation enthalpy and entropy exhibit substantial errors when obtained directly in this approach,
they can be computed from the Gibbs free energy using the proper thermodynamic relations.
Compared to experimental data, the temperature dependence of the vacancy formation Gibbs
free energy is accounted for at low temperatures, while it overestimates the measurements at high
temperature, which is attributed to the neglect of anharmonic effects.

Copyright c© EPLA, 2016

The vacancy formation energy is an important param-
eter which determines phase and structural transforma-
tions in solids at finite temperatures. Being difficult to
measure [1–3], it is generally believed that it can be
obtained relatively easily by first-principles calculations
based on density functional theory (DFT) as has been
done in the past in a large number of publications [4–28].

However, there are two major problems in such DFT
calculations. First, it is not clear to what extent the in-
evitable approximations in the exchange-correlation func-
tional affect the results. Even for metallic systems, where
effective short-range screening of electrostatic interactions
takes place, an accurate account of the large gradient of
the electron density near the vacant site may still pose
a problem [27,29–33]. The second problem arises if one

wishes to account for the temperature dependence of the
vacancy formation energy.

On the one hand, most of the existing phenomenological
models, which involve this quantity, assume that the va-
cancy formation energies and entropies are temperature
independent, and, therefore, it is enough to determine
the vacancy formation energy only at 0 K. On the other
hand, it has been demonstrated in several ab initio calcu-
lations [10,23,24] as well as in a more approximate atom-
istic modeling [34,35] that the vacancy formation energy
can change dramatically with temperature. For instance,
first-principles molecular-dynamics (MD) simulations by
Smargiassi and Madden [10] showed a decrease of the va-
cancy formation free energy in Na by a factor of two from
0 K to close to the melting point. In contrast to this
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finding, Mattsson et al. [23] obtained a significant increase
of the vacancy formation energy with temperature for Mo
in first-principles MD simulations.

A similar increase has been obtained in ref. [24] for Al,
while the more recent calculations by Glensk et al. [33]
have demonstrated that the overall vacancy formation free
energy substantially decreases if anharmonic contributions
are taken into consideration, similarly to the results by
Smargiassi and Madden [10]. In summary, this means
that neither the vacancy formation energy nor the vacancy
formation entropy can be considered to be temperature
independent. The work by Glensk et al. [33] also demon-
strates that the quasi-harmonic approximation substan-
tially overestimates the vacancy formation free energy at
high temperatures. Thus, in order to accurately repro-
duce the temperature dependence of the vacancy forma-
tion energy at high temperatures, one should account for
anharmonic vibrations of the atoms next to the vacancy.

In this work, we establish a thermodynamically consis-
tent approach which is based on quasi-harmonic calcula-
tions using one fixed equilibrium volume of a defect-free
supercell. Being able to eliminate calculations of the equi-
librium volume of the defected cell presents an impor-
tant simplification in the computational algorithm, which
allows one to study the temperature dependence of the va-
cancy formation energy by more elaborate methods such
as ab initio molecular dynamics. We demonstrate our
method for vacancies in fcc Al, Cu, Ag, Pd, and bcc
Mo using PBEsol functional [29], which has been chosen
as to minimise the error for the exchange-correlation en-
ergy near the vacancy. The numerical results support our
single-volume approach. It should be noted that when
comparing the so-obtained results to available experimen-
tal data, anharmonic effects beyond the quasi-harmonic
approximation should be considered.

Thermodynamic properties of vacancies. – In
pure metals, the free energy (per atom) related to the
thermally induced vacancies can be defined as follows:

Gvac = cGf − TSconf ≡ c[Hf − TSf ] − TSconf . (1)

Here, c is the concentration of vacancies, Gf is the vacancy
formation free energy associated with a single vacancy,
Hf is the vacancy formation energy (enthalpy), Sf the
vacancy formation entropy, and Sconf the configurational
entropy related to the vacancies. Using the thermody-
namic relation (

∂Gvac

∂T

)
P

= −S, (2)

where S = cSf + Sconf is the total entropy of the sys-
tem related to vacancy formation, assuming no interaction
between vacancies one finds

c

[
∂Hf

∂T
− T

∂Sf

∂T

]
+

∂c

∂T

[
Hf − TSf − T

∂Sconf

∂c

]
= 0. (3)

If both Hf and Sf are temperature independent, one
immediately finds the concentration of noninteracting

vacancies using the entropy of an ideal solution, Sconf =
−kB[c ln c+(1− c) ln(1− c)], which is a well-known result:

c ≈ exp(Sf/kB) exp(−Hf/kBT ). (4)

In general, the equilibrium concentration of vacancies is
obtained from the corresponding minimization of Gvac at
a fixed temperature, which leads to the following equation:

c

[
∂Hf

∂c
− T

∂Sf

∂c

]
+

[
Hf − TSf − T

∂Sconf

∂c

]
= 0. (5)

However, as long as there is no interaction between vacan-
cies, the first term in this equation vanishes and the con-
centration of vacancies is determined from the last term,
which again leads to (4). Moreover, since in this case, the
last term in (5) is zero, the first term in (3) should be
also zero, and thus the following important relation be-
tween the vacancy formation enthaply and entropy should
be satisfied:

∂Hf

∂T
= T

∂Sf

∂T
. (6)

This means that if the vacancy formation enthalpy is tem-
perature dependent, so should be the formation entropy,
and they are connected via eq. (6).

Vacancy formation energy calculations require, in gen-
eral, finding the equilibrium volume corresponding to the
minimum of the Gibbs free energy of systems (supercells)
without and with a vacancy denoted as G0 and Gv, re-
spectively. The difference in equilibrium volumes of those
supercells with and without and with a vacancy, Ω0(T )
and Ωv(c, T ), (normalized by the number of sites) is re-
lated to the vacancy formation volume, ωf :

ωf(T ) =
∂Ωv(c, T )

∂c
. (7)

Here, we have neglected the concentration dependence of
ωf , which should be insignificant. So, the equilibrium vol-
ume of the system with vacancies can be written as

Ωv(c, T ) = Ω0(T ) + cωf (T ). (8)

In practical applications, however, it would be compu-
tationally advantageous to determine the thermodynamic
properties of vacancies without the need of finding the
equilibrium volume of the supercell with vacancy. In such
an approach, one performs all supercell calculations, both
with and without a vacancy for the equilibrium volume
of the defect-free system. We refer to this approximation
as the single-volume approach. The validity of this sim-
plification arises from the fact that the difference in the
equilibrium volume of two systems is usually small. As
a consequence, the free energies of the systems with and
without a defect exhibit small variations as a function of
volume due to the fact that their first derivatives are zero
at the equilibrium volume.

This approach can be particularly useful in calculations
of the self- or substitutional impurity diffusion coefficients
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at a certain temperature. Although the directly calculated
vacancy formation entropy and enthalpy can be in error
in this approach, they still obey relations (2) and (6). Be-
low we demonstrate this approach in calculations of the
vacancy formation free energy, enthalpy and entropy for
five metals: Al, Ag, Cu, Mo and Pd. The following nota-
tions are used. Quantities corresponding to calculations in
which the equilibrium volumes Ω0(T ) and Ωv(c, T ) are ex-
plicitly taken into account are denoted as G, S, H . Those
numerical results in which a single volume Ω0(T ) has been
used for both supercells, without and with vacancy, are
abbreviated as G̃, S̃, and H̃ , respectively.

Computational details. – In this work, the vacancy
formation free energy Gf (T ), is obtained as a sum of three
different contributions:

Gf (T ) = Hf (T ) + Gel
f (T ) + Gvib

f (T ). (9)

Here, Hf (T ) is the vacancy formation energy (we consider
the case of zero pressure) at the corresponding tempera-
ture T . Gvib

f (T ) and Gel
f (T ) are the contributions to the

vacancy formation free energy from lattice vibrations and
thermal one-electron excitations, respectively. In particu-
lar, the vacancy formation energy, Hf , is obtained as

Hf (T ) = Ev(T ) − N − 1
N

E0(T ), (10)

where Ev(T ) and E0(T ) are the total energies of the su-
percells with and without vacancy, respectively, and N is
the number of atoms in the supercell without vacancy.

The contribution from the thermal one-electron excita-
tions to the total energy, Eel, and free energy, Gel, has
been determined as

Eel(T ) =
π2

3
N(EF )k2

BT 2, (11)

Gel(T ) = −π2

3
N(EF )k2

BT 2, (12)

where N(EF ) is the density of states at the Fermi energy,
EF , per supercell. We have neglected this contribution for
Al, Cu and Ag due to its insignificant contribution to the
total free energy of vacancy formation in these cases.

All ab initio calculations in this paper are performed by
the frozen-core full-potential projector augmented wave
(PAW) method [36,37] as implemented in the Vienna
ab initio simulation package (VASP) [38–40]. The PBEsol
generalized gradient approximation [29] has been utilized,
which minimizes the error for open systems like surfaces
and vacancies. Besides, this functional reproduces quite
well the lattice constants of 4d metals (Ag, Pd, Mo), which
is important for description of the first-principles thermo-
dynamics of defect properties.

The size of the supercell for fcc Al, Ag, Cu and Pd
was 2 × 2 × 2(×4) containing 32 atoms in the defect-free
cell, and for bcc Mo the size of the supercell used was
3 × 3 × 3(×2) containing 54 atoms in the defect-free su-
percell. We have checked the convergence of the vacancy

formation energy in the case of copper with respect to the
supercell size and found that the difference between the
0 K vacancy formation energies for supercells containing
32 and 108 atoms was less than 0.01 eV. Therefore, we
conclude that the size of the supercell used in the present
study is sufficient for obtaining reasonably accurate va-
cancy formation energies. All atoms were allowed to relax
during calculations of the defected supercells. The plane-
wave energy cutoff was 500 eV. The integration over the
Brillouin zone has been done using a 10 × 10 × 10 grid
of the Monkhorst-Pack (MP) mesh [41] in the case of Cu,
Pd, Mo, 12 × 12 × 12 in the case of Al and 14 × 14 × 14
for Ag. The convergence tolerance for the total energy
was 10−8 eV/atom, while 10−3 eV/Å for forces on atoms
during local lattice relaxations.

The free energy of lattice vibrations is calculated in
the quasi-harmonic approximation using the phonopy
code [42] where the dynamical matrix has been obtained
by the small displacement method [43]. The unit cell was
taken to be identical to the supercell while calculating
phonon dispersion. Symmetry was considered while per-
forming displacements reducing the number of displace-
ments to one for defectless supercells and to 7 and 13 for
supercells with a vacancy in the case of fcc and bcc ma-
terials respectively. The amplitude of displacements was
0.005 Å in the case of Al and 0.01 Å for the other metals.
The linear dependence of the force with respect to the
displacement amplitude was checked in the case of Cu.
The linear regime preserves at least up to displacements
of 0.07 Å.

Results. – As a first step, we have calculated the tem-
perature dependence of the equilibrium lattice parameters
of the five investigated metals for the defect-free supercells
within the quasi-harmonic approximation. As can be seen
from fig. 1, the calculated lattice parameters for Al, Ag
and Pd are in very good agreement with the experimen-
tal data, especially at low temperatures. Somewhat worse
agreement is observed for Cu and Mo which is attributed
to a deficiency of PBEsol for these elements. Nevertheless,
the character of the temperature dependence is still well
described within the quasi-harmonic ab initio calculations.
We have also performed quasi-harmonic calculations for
supercells with a vacancy in order to find the respective
equilibrium volumes. The obtained data is shown in fig. 1
as dashed lines.

Based on these results, we are able to compute all ther-
modynamic properties describing the vacancy formation
as a function of temperature. We illustrate the effective-
ness of the single-volume approach in fig. 2 using Al as
an example. Here, we show the properly calculated val-
ues of the vacancy thermodynamic properties, G, S and
H for Al, obtained in calculations with the corresponding
equilibrium volumes together with their counterparts, G̃,
S̃, H̃ obtained for the single equilibrium volume of the
defect-free supercells. First of all, one can see that G and
G̃ are very close to each other. This is to be expected
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Fig. 1: (Color online) Calculated equilibrium lattice parame-
ters of Ag, Al, Pd, Cu, and Mo obtained in the quasi-harmonic
approximation as a function of temperature (full lines) com-
pared to the experimental data (symbols) for Al [44–46],
Ag [46,47], Cu [47,48], Pd [49], Mo [46,50,51]. Dashed lines
show the equilibrium lattice parameters obtained for supercells
with vacancy.

since the variation of the free energy of the supercells is
small close to their equilibrium volume. Moreover, the
close agreement of G and G̃ provides the basis for using
the thermodynamic relation (2) in order to determine for-
mation enthalpies and entropies. The resulting entropy
and enthalpy terms are shown in panels (b) and (c) of
fig. 2 and are denoted as S′ and H ′, respectively.

One can see that S′ and H ′ are very close to the directly
calculated values, S and H . On the other hand, the differ-
ence between S and S̃ as well as between H and H̃ is sig-
nificant. This implies that using the entropy and enthalpy
of vacancy formation directly obtained for a single-volume
of both supercells, one introduces a substantial error. It
is interesting that the huge errors in S̃ and H̃ compensate
each other and produce accurate result for the Gibbs free
energy when summed up.

In fig. 3, we show analogous results for four other met-
als: fcc Cu, Ag, and Pd as well as for bcc Mo. Overall,
the differences between the numerical values for G and
G̃ are reasonable small. In the case of Cu, it is neg-
ligible, while it is somewhat larger in the case of Ag,
and is about 0.04–0.05 eV for Mo and Pd. However, it
is mostly a constant shift. Moreover, the energy differ-
ences can be regarded as minor when taking into consid-
eration typical errors related to various approximations for

Fig. 2: (Color online) (a) The vacancy formation Gibbs free
energy, (b) vacancy formation entropy and (c) vacancy forma-
tion enthalpy in Al. G, S, H correspond to the calculations
done at the equilibrium volumes of supercells and they are
plotted by solid lines. ˜G, ˜S, ˜H are the vacancy formation free
energy, enthalpy and entropy determined in the single-volume
approach and plotted by dashed lines with diamonds. The
vacancy formation entropy, S′, and enthalpy, H ′, are obtained
from ˜G using relation (2). Black dots show available experi-
mental data [52]. Gfit is the quadratic fit of the experimental
temperature-dependent vacancy formation free energy shown
by the black solid line.

the exchange-correlation potential. At the same time, the
agreement of formation entropies, S and S′, is very good
in all the cases showing that the single-volume approach
is reasonably accurate for different metals. Regarding the
temperature dependence of G, we notice a pronounced in-
fluence of the electronic free energy for Pd and Mo. In
the case of Pd, G first decreases and then rises with the
temperature, for Mo the decrease of G is much more pro-
nounced than for all other metals. This is because a vacant
site differently affects the density of states at the Fermi en-
ergy in these metals, increasing it in Mo and decreasing in
Pd, leading according to (11) to the respectively negative
and positive contributions to the vacancy formation free
energy.
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Fig. 3: (Color online) (a)–(d) The vacancy formation Gibbs free energy; (e)–(h) the vacancy formation entropy in Cu, Ag, Pd
and Mo, respectively. For notations, see fig 2.

Figures 2 and 3 also include available experimental
data [52] obtained by a conversion of the experimental
vacancy concentrations to the vacancy formation free en-
ergies. In all the cases considered here, the experimen-
tal formation energies are smaller than the corresponding
theoretical results. One obvious problem with such a com-
parison is the fact that experimental data are available
only for rather high temperatures, while the theoretical
results obtained in the quasi-harmonic approximation are
expected to be accurate for low temperatures. Indeed,
the experimentally observed character of the temperature
dependence of the vacancy formation free energy at high
temperatures can most probably be attributed to anhar-
monic effects as discussed in detail by Glensk et al. [33].

Using a quadratic fit as proposed in that work [33], one
can get a qualitative picture of the expected temperature
dependence of the vacancy formation free energy in the
real systems, Gfit. Such fits to the experimental data are
shown in figs. 2 and 3, respectively, as the black lines.
As one can see, in the case of Al and Ag, quasi-harmonic
PBEsol calculations provide a very good description of
the vacancy formation free energy at lower temperatures,
while for Cu, the calculations considerably overestimate
the low-temperature extrapolation of experimental data
by about 0.2 eV. We note that Glensk et al. [33] have
found similar result for Cu when using the local den-
sity approximation (LDA) or the AM05 [30,31] exchange-
correlation functional. Since the latter produces results
very close to the PBEsol functional used in this work, our
large error for Cu could be attributed to the failure of
PBEsol in this particular case. However, we think that the
most possible source of discrepancy is the PBEsol error for

the equilibrium lattice parameter of Cu, which effectively
leads to overbinding and, as a consequence, to the large
values of the vacancy formation energy. In the case of Ag
and Al, the PBEsol error for lattice constant is very small,
and the low-temperature vacancy formation free energy is
in reasonable agreement with the extrapolated experimen-
tal data.

Summary. – The quasi-harmonic approximation pro-
vides an accurate thermodynamic framework for vacancy
formation calculations. We demonstrate that a single-
volume approach can be applied for the calculations of
thermodynamic properties of vacancies. In this case, how-
ever, the enthalpy and entropy should be calculated from
the Gibbs free energy using proper thermodynamic rela-
tions. These insight can be used in order to simplify the
description of thermodynamic properties of defects includ-
ing vacancies. At temperatures close to the melting point,
the inclusion of anharmonic effects due to vibrations of
the vacancy should be considered.
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