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Abstract – The Heisenberg XXZ spin-(1/2) chain is considered in the massive antiferromagnetic
regime in the presence of a staggered longitudinal magnetic field. The Hamiltonian of the model
is characterised by the anisotropy parameter Δ < −1 and by the magnetic-field strength h.
At zero magnetic field, the model is exactly solvable. In the thermodynamic limit, it has two
degenerate vacua and the kinks (which are also called spinons) interpolating between these vacua,
as elementary excitations. Application of the staggered magnetic field breaks integrability of the
model and induces the long-range attractive potential between two adjacent kinks leading to their
confinement into the bound states. The energy spectra of the resulting two-kink bound states are
perturbatively calculated in the extreme anisotropic (Ising) limit Δ → −∞ to the first order in
the inverse anisotropy constant |Δ|−1, and also for any Δ < −1 to the first order in the weak
magnetic field h.

Copyright c© EPLA, 2018

Introduction. – The confinement phenomenon occurs
when the constituents of a compound particle cannot be
separated from each other and, therefore, cannot be ob-
served directly. A prominent and, important, example
in high-energy physics is the confinement of quarks in
hadrons. It is remarkable, that confinement can also be
realized in such condensed-matter systems, as quantum
quasi–one-dimensional ferro- and anti-ferromagnets [1–6].
The present theoretical understanding [7,8] of the confine-
ment in such systems originates from the Wu and McCoy
scenario [9], in which the two kinks are treated as quan-
tum particles moving in the line and attracting one an-
other with a linear potential proportional to the external
magnetic field.

Very recently [5], the magnetic excitations energy spec-
tra in the quasi–one-dimensional spin-(1/2) antiferromag-
netic compound SrCo2V2O8 in the confinement regime
have been studied by means of the inelastic neutron scat-
tering. The experimentally observed energy spectra were
interpreted in [5] in terms of the one-dimensional XXZ
spin-(1/2) chain Hamiltonian. We write this Hamiltonian
directly in the thermodynamic limit in a slightly different
form using the more traditional parametrization (see, e.g.,

eq. (1.1) in [10]),

H(Δ, h) = −1
2

∞∑
j=−∞

[
σx

j σ
x
j+1 + σy

j σ
y
j+1 + Δ

(
σz

jσ
z
j+1 + 1

)]
− h

∞∑
j=−∞

(−1)jσz
j . (1)

Here σa
j are the Pauli matrices, α = x, y, z, Δ is the

anisotropy parameter, h is the strength of the staggered
magnetic field, which mimics [5] in the 1D Hamiltonian (1)
the weak interchain interaction in the 3D array of par-
allel spin chains in the 3D ordered phase of the com-
pound SrCo2V2O8. The massive antiferromagnetic phase
is realised at Δ < −1. The dynamical structure fac-
tors and the spectrum of magnetic excitations in the
model (1) were numerically studied in [5] in three different
cases: i) in the extreme anisotropic (Ising) limit |Δ| � 1,
ii) close to the isotropic point Δ ≈ −1, and iii) for generic
Δ ∈ (−∞,−1). The resulting energy spectra of the mag-
netic excitations were presented graphically in figs. 8–15,
and in phenomenological formulas like (26), which contain
fitting parameters.
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The aim of the present paper is to find analytic repre-
sentations for the energy spectra of the two-kink bound
states in the whole Brillouin zone in model (1) expressed
solely in terms of the Hamiltonian parameters Δ and h.
The problem is solved perturbatively in two asymptotical
regimes: in the extreme anisotropic limit Δ → −∞, and
for any Δ < −1 at small h.

The Hamiltonian symmetries. – The Hamilto-
nian (1) commutes with the z-projection of the total spin

Sz =
1
2

∞∑
j=−∞

σz
j ,

and with the modified translation operator T̃1 = T1U ,
where T1 stands for the unit translation, and U = ⊗j∈Z σ

x
j

is the global rotation by π around the x-axis. For short,
the operator Sz will be called the “total spin” in the
following.

Ising limit. – In the extreme anisotropic limit
Δ → −∞, it is convenient to rescale the Hamiltonian (1)
to the form

HI(ε, h) = |Δ|−1H(Δ, h)
∣∣
Δ=−1/ε

= −εh
∞∑

j=−∞
(−1)jσz

j

+
∞∑

j=−∞

[
1
2
(σz

j σ
z
j+1 + 1) − ε (σ+

j σ
−
j+1 + σ−

j σ
+
j+1)

]
, (2)

where σ±
j = 1

2 (σx
j ± iσy

j ). The ground states and the low-
energy excitations of the Hamiltonian (2) can be effectively
studied [5,10] by means of the Rayleigh-Schrödinger per-
turbation theory in the small parameter ε. We shall de-
scribe these straightforward calculations to the first order
in ε in order to gain insight into the nature of the two-
kink bound states of the Hamiltonian (1) in the case of a
generic Δ < −1.

The zero-order Hamiltonian HI(0, h) = HI(0, 0) has
two antiferromagnetic ground states,

|Φ1〉 = | . . . ↓
0
↑

1
↓↑↓ . . .〉, |Φ2〉 = | . . . ↑

0
↓

1
↑↓↑ . . .〉,

(3)
which are degenerate in energy, HI(0, 0)|Φ1,2〉 = 0.

The localized one-kink states |Kαβ(j)〉 interpolate be-
tween the vacua |Φα〉 and |Φβ〉 to the left and to the right,
respectively, from the bond connecting the sites j, j + 1.
In the state |Kαβ(j)〉, only two adjacent spins at the sites
j and j+1 have the same orientations. The one-kink states
can be classified also by their spin s = ±1/2. Namely
Sz|Kαβ(j)〉 = s |Kαβ(j)〉, where s = 1/2 if the neighbour-
ing spins j, j + 1 forming the kink are orientated “up”,
and s = −1/2 if the spins j, j + 1 have the “down” ori-
entation. For the given localized one-kink state |Kαβ(j)〉,
let us denote by ρ = 0, 1 the parity of the kink location j,
ρ = jmod 2. One can easily see that the three discrete
parameters ρ, α, s characterising the localized kink are not

independent. For example, the kink |K12(j)〉 has the spin
s = 1/2 for even j, and s = −1/2 otherwise. In the gen-
eral case, the relation between parameters ρ, α, s can be
described by the function ρ(s, α) = 1

2 [1 + (−1)α2s].
In the topologically neutral sector, the lowest-energy

excitations are the two-kink states. The basis of localized
two-kink states is formed by the vectors |Kαβ(j1)Kβα(j2)〉
where j1, j2 ∈ Z, j1 < j2. These states can be classified
by the total spin

Sz|Kαβ(j1)Kβα(j2)〉 = s |Kαβ(j1)Kβα(j2)〉, (4)

where s = 0,±1, s = s1 + s2, with s1,2 denoting the spins
of the individual kinks. One can easily see, that s = 0 for
even (j2 − j1), and s = ±1 for odd (j2 − j1). So, |s| = κ
where κ = (j2 − j1)mod 2.

Denote by P2 the orthogonal projector onto the two-
kink subspace L2 spanned by the basis |Kαβ(j1)Kβα(j2)〉,
and by H2(ε, h) = P2HI(ε, h)P2 the restriction of the
Hamiltonian (2) on L2. At ε = 0, all the two-kink
states |Ψ〉 ∈ L2 are characterized by the same energy,
HI(0, h)|Ψ〉 = 2|Ψ〉. At ε > 0, this degeneracy is removed
in the linear order in ε. This allows one to restrict the first-
order analysis of the low-lying excitation energy spectra of
the Hamiltonian (2) to the subspace L2.

The reduced two-kink Hamiltonian H2(ε, h) acts on the
basis states of L2 as follows:

H2(ε, h) |Kαβ(j1)Kβα(j2)〉 =
[2 + f0(j2 − j1)] |Kαβ(j1)Kβα(j2)〉
−ε{|Kαβ(j1 − 2)Kβα(j2)〉 + |Kαβ(j1)Kβα(j2 + 2)〉
+ [|Kαβ(j1 + 2)Kβα(j2)〉 + |Kαβ(j1)Kβα(j2 − 2)〉]
× (1 − δj2−j1,1)(1 − δj2−j1,2)

}
. (5)

Here f0 = 2hε is the “string tension”, which determines
the linear attractive potential acting between the two
kinks.

At h = 0, the reduced Hamiltonian (5) is diagonalised
by the the two-kink states |Kαβ(p1)Kβα(p2)〉s1s2 ∈ L2
characterised by the momenta p1, p2 ∈ R/πZ, and the
spins s1, s2 = ±1/2 of the individual kinks,

H2(ε, 0) |Kαβ(p1)Kβα(p2)〉s1s2 = (6)
[ω0(p1) + ω0(p2)] |Kαβ(p1)Kβα(p2)〉s1s2 ,

|Kαβ(p1)Kβα(p2)〉s1s2 =
∞∑

m1=−∞

∞∑
m2>m1+(ρ2−ρ1)/2

{[
ei(p1j1+p2j2)

+Ss(p1, p2)ei(p2j1+p1j2)
]
|Kαβ(j1)Kβα(j2)〉

}
j1=2m1−ρ1
j2=2m2−ρ2

,

(7)

where ρ1 = ρ(s1, α), ρ2 = ρ(s2, β), s = s1 + s2 = 0,±1,
Ss(p1, p2) denotes the two-kink scattering amplitude

Ss(p1, p2) = −ei(p1−p2)|s|, (8)
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and ω0(p) is the kink dispersion law,

ω0(p) = 1 − 2ε cos(2p). (9)

The two-kink states (7) transform in a simple way under
the action of the modified translation operator T̃1,

T̃1|Kαβ(p1)Kβα(p2)〉s1s2 =

ei(p1+p2)|Kαβ(p1)Kβα(p2)〉−s1,−s2 , (10)

and satisfy the Faddeev-Zamolodchikov commutation
relations,

|Kαβ(p1)Kβα(p2)〉s1s2 =
Ss1+s2(p1, p2)|Kαβ(p2)Kβα(p1)〉s1s2 . (11)

At h > 0, the eigenvalue problem for the Hamiltonian
H2(ε, h) can be solved following the procedure described
in [8,11]. To this end, let us represent the eigenstate of
the Hamiltonian H2(ε, h) in the form

|Ψ(P, κ, ρ1)〉 =
∞∑

m=−∞

∞∑
r=1

[
eiP (j1+r)ψ(r|P, κ, ρ1)

× |K12(j1)K21(j1 + j)〉
]

j1=2m−ρ1, j=2r−κ
, (12)

where P ∈ R/(πZ) is the total quasi-momentum of two
kinks, and the discrete parameters κ and ρ1 take the val-
ues 0, 1. As was explained earlier, the parameter κ equals
the absolute value of the total spin of the two-kink state,
κ = |s|. The eigenstate problem H2(ε, h)|Ψ(P, κ, ρ1)〉 =
E(P, κ)|Ψ(P, κ, ρ1)〉 reduces due to (5) to the discrete
Sturm-Liouville problem with the linear potential in the
half-line for the wave function ψ(r),

[2 + f0 (2r − κ) − E(P, κ)]ψ(r) −
2ε cosP [ψ(r + 1) + ψ(r − 1)] = 0, (13)

where r = 1, 2, . . . , and the Dirichlet boundary condition
ψ(0) = 0 is imposed. Note that the distance between the
two kinks is (2r − κ).

Exploiting the equality

Jν+1(Z) + Jν−1(Z) =
2ν
Z
Jν(Z),

one can immediately write down [12] the explicit solution
of the discrete Sturm-Liouville problem (13) in terms of
the Bessel function Jν(Z). The resulting energy spectrum
reads

En(P, κ) = 2 − 2ε h [κ+ 2νn(P )], (14)

where νn(P ) are the solutions of the equation

Jνn(P )(h−1 cosP ) = 0,

with n = 1, 2, . . . .
Equation (14) determines, for arbitrary h > 0, the exact

small-ε asymptotics for the energy spectrum of the two-
kink bound states for the Hamiltonian (2) to the first order

in ε. A very similar energy spectrum was found in [8] (see
eqs. (54), (59), (60) therein), where the kink confinement
in the quantum Ising spin-chain was studied.

In the case of small h → +0, two asymptotical ex-
pansions can be obtained [8] from (14), using the well-
known properties of the Bessel function. For not very large
n = 1, 2, 3, . . . , the low-energy expansion in the fractional
powers of h holds,

En(P, κ) = 2 − 4ε cosP + 4ε
(

cosP
2

)1/3

h2/3zn

− 2εκh+O(h4/3), (15)

where −zn are the zeroes of the Airy function. In the
case of large n � 1, one can use instead the semi-classical
expansion

En(P, κ) = 2 − 2εhκ− 4ε cosP cos(2pa(P )). (16)

Here pa(P ) is the solution of two equations

2paλa + sin(2pa) =
πh

cosP

(
n− 1

4

)
+O(h2), (17)

cos(2pa) = −λa, (18)

which determine also the parameter λa. Derivation of the
asymptotic formulas (15), (16) from the exact energy spec-
trum (14) almost literally reproduces the derivation of the
similar small-h asymptotics for the exact energy spectrum
in the Toy model 1, which was described in much detail
in sect. 6.1 of [8].

It turns out, that the small-h asymptotic represen-
tations (15), (16) for the two-kink bound-state energy
spectra can be also derived by means of a different, semi-
heuristic approach, which was initially developed for the
Ising field theory [7,13], and then applied to the quan-
tum Ising spin-chain model [8], and to the Potts Field
Theory (PFT) [14]. The high accuracy of the analyti-
cal predictions obtained by this technique was confirmed
later [15,16] by direct numerical calculations of the kink
bound-state energy spectra in the confinement regime for
all three models mentioned above. In the cases of the
Ising field theory and the Ising spin chain model, the
semi-heuristic technique reproduces the initial terms of
the asymptotical expansions for the bound-state energy
spectra obtained by the more powerful technique based
on the Bethe-Salpeter equation. For the PFT, the meson
mass spectra calculation by means of the latter method is
still lacking. In what follows, we shall describe the semi-
heuristic technique for the case of the extreme anisotropic
limit Δ → −∞ of the antiferromagnetic XXZ model, and
then apply it to the general case Δ < −1.

Let us treat the two kinks as classical particles having
the z-projections of the spin si = ±1/2, i = 1, 2, moving
along the line, and attracting one another with a linear
potential. Their Hamiltonian will be taken in the form

H(x1, x2, p1, p2, s1, s2) = ω0(p1) + ω0(p2)
+ f0[|x2 − x1| − κ(s1, s2)].

(19)
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Fig. 1: (Colour online) Kinetic energy (22) of two kinks as a
function of p. For the energy E, the classically allowed region
is [−pa, pa].

Here x1, x2 ∈ R are the kink spacial coordinates,
κ(s1, s2) = δs1,s2 , and ω0(p) is the kink dispersion law (9).

After the canonical transformation

X =
x1 + x2

2
, x = x2 − x1, (20a)

P = p1 + p2, p =
p2 − p1

2
, (20b)

the Hamiltonian (19) takes the form

H(p, x|P ) = ε(p|P ) + f0|x|, (21)

where

ε(p|P ) = ω0(p+ P/2) + ω0(p− P/2) − f0κ. (22)

In order to simplify notations, we have dropped here the
spin arguments s1, s2, as well as the argument κ in the
function ε(p|P, κ) defined by (22).

The topology of the phase trajectories in the (x, p)-plane
depends on the total energy E of the two kinks, as is
clear from fig. 1. The phase trajectories are closed for
ε(0|P ) < E < ε(π/2|P ). In this case, the solution of
the canonical equations describes the oscillatory motion
of two kinks in the center-of-mass frame that drifts with
a constant average velocity.

There are two different ways to quantize the model (19).
For small oscillations, the kinetic-energy term (22) can be
expanded to the second order in the momentum p, with the
subsequent replacement of the latter by the operator −i∂x.
The resulting Schrödinger equation can be reduced to the
Airy equation in the half-line 0 < x < ∞, which, together
with the Dirichlet boundary condition at x = 0, gives
rise to the energy spectrum (15). For the high-amplitude
oscillations with energies in the interval ε(0|P ) < E <
ε(π/2|P ), the energy levels can be found [8] by means
of the Bohr-Sommerfeld quantization rule. The resulting
spectrum reads

2En(P, κ)pa −
∫ pa

−pa

dp ε(p|P ) = 2πf0 (n− 1/4), (23)

with En(P, κ) = ε(pa|P ) and n � 1, which is equivalent
to (16)–(18). Note that the left-hand side of (23) is the

Legendre transform of the integral
∫ pa

−pa
ε(p|P ) dp consid-

ered as a function of the variable pa.

General case Δ < −1. – Let us turn to the gen-
eral case of the XXZ spin-chain model (1) in the anti-
ferromagnetic phase Δ < −1. We shall use the standard
parametrisation for the anisotropy constant Δ = − coshγ,
and q = exp γ > 1.

At zero field h = 0, the model considered on a finite
chain is solvable by the Bethe Ansatz method [17], see
also [18,19] for further references. In the thermodynamic
limit, it has two degenerate ground states |Φα〉, α = 1, 2,
showing a Néel-type order,

〈Φ1|σz
j |Φ1〉 = −〈Φ2|σz

j |Φ2〉 = (−1)j σ̄,

with the spontaneous magnetization [20–22]

σ̄ =
∞∏

n=1

(
1 − q−2n

1 + q−2n

)2

. (24)

The lowest-energy excitations are topologically charged,
being represented [10,23] by the kinks |Kαβ(p)〉s interpo-
lating between the vacua α and β, and characterised by
the quasi-momentum p ∈ R/(πZ), and by the z-projection
of the spin s = ±1/2. The dispersion relation of these ex-
citations reads [24],

ω(p) =
2K
π

sinh γ
√

1 − k2 cos2 p. (25)

Here K and K ′ are the complete elliptic integrals of mod-
ulus k and k′ =

√
1 − k2, respectively, such that K ′/K =

γ/π. The dispersion relation (25) can be parametrized in
terms of the Jacobi elliptic functions

p(λ) =
π

2
− am(2Kλ/π, k), (26)

ω(λ) =
2K
π

sinh γ dn(2Kλ/π, k), (27)

with the rapidity variable λ ∈ [−π/2, π/2].
The number of kinks must be even in the topo-

logically neutral sector. The two-kink basis states
|Kαβ(p1)Kβα(p2)〉s1s2 , characterized by the quasi-
momenta p1,2 and the spins s1,2 of the individual kinks,
diagonalize the Hamiltonian H(Δ, 0) and the total spin
Sz with the eigenvalues ω(p1) + ω(p2) and s1 + s2,
respectively. The translation properties of these states
are determined by eq. (10). In the extreme anisotropic
limit γ → ∞, the two-kink states |Kαβ(p1)Kβα(p2)〉s1s2

reduce to (7).
Let us define the following basis in the two-kink sub-

space with Sz = 0:

|Kαβ(p1)Kβα(p2)〉± ≡ 1√
2

(
|Kαβ(p1)Kβα(p2)〉1/2,−1/2

±|Kαβ(p1)Kβα(p2)〉−1/2,1/2

)
.

(28)
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The modified translation operator becomes diagonal in
this basis:

T̃1|Kαβ(p1)Kβα(p2)〉± = ±ei(p1+p2)|Kαβ(p1)Kβα(p2)〉±.
(29)

The two-kink scattering at h = 0 can be described by the
Faddeev-Zamolodchikov commutation relations:

|Kαβ(p1)Kβα(p2)〉ss = w0(p1, p2)|Kαβ(p2)Kβα(p1)〉ss,

|Kαβ(p1)Kβα(p2)〉± = w±(p1, p2)|Kαβ(p2)Kβα(p1)〉±. (30)

The three scattering amplitudes wη(p1, p2), with η = 0,±,
can be parametrized by the rapidity variable,

wη(p1, p2) = exp[−iπ + iθη(p1, p2)], (31)
θη(p1, p2) = Θη(λ1 − λ2), (32)

Θ0(λ) = −λ−
∞∑

n=1

e−nγ sin(2λn)
n cosh(nγ)

, (33)

Θ±(λ) = Θ0(λ) + χ±(λ), (34)

χ+(λ) = −i ln
[
− sin(λ− iγ)/2)

sin(λ+ iγ)/2)

]
, (35)

χ−(λ) = −i ln
[
cos(λ− iγ)/2)
cos(λ+ iγ)/2)

]
, (36)

where pj = p(λj), j = 1, 2, and Θη(λ) are the scattering
phases. The scattering amplitude w0(p1, p2) was found
by Zabrodin [25], and the whole two-kink scattering ma-
trix was determined by Davies et al. [26]. In the extreme
anisotropic limit γ → ∞, the commutation relations (30)
reduce to (11).

The application of a staggered magnetic field h > 0
breaks the integrability of the XXZ model and leads at
Δ < −1 to the confinement of the kinks into the bound
states. The natural way to study their energy spectrum
is to apply some perturbative technique in small h around
the exact solution at h = 0. The most systematic but tech-
nically rather hard realization of this idea should exploit
the Bethe-Salpeter equation [7,27], together with the ap-
propriate form factor perturbative expansion [28,29]. Here
we shall apply instead the more simple semi-heuristic ap-
proach, which was outlined above. Since the vacuum |Φ2〉
becomes metastable at h > 0, we shall concentrate in the
following on the topological neutral sector spanned by the
basis states |K12(p1)K21(p2)〉s1s2 .

So, let us consider two interacting particles moving in
the line, whose classical evolution is determined by the
Hamiltonian

H(x1, x2, p1, p2) = ω(p1) + ω(p2) + f |x2 − x1|. (37)

Now the particle kinetic energy ω(p) is taken in the
form (25), and for the string tension we use its value
f = 2hσ̄ at h → +0, where the spontaneous magneti-
sation σ̄ is given by (24). Quantization of the periodical
motion of two particles in the center-of-mass frame should
allow one to determine the energy spectrum of the two-
kink bound states of model (1) at h → +0.

pm papb-pa -pb

E

P<Pc

P=Pc

P>Pc

-
π

2

π

2

p

6

8

10

12

14

ϵ (p P)

Fig. 2: (Colour online) Kinetic energy (38) of two kinks at
Δ = −5 as the function of p for three values of their total
momentum P : P < Pc, P = Pc, and P > Pc. For the energy
E in the latter case, the classically allowed regions are [pb, pa]
and [−pa, −pb].

Two new features, which modify the analysis, must be
taken into account. First, due to the different kink dis-
persion law (25), the profile of the effective kinetic energy
ε(p|P ) in the center-of-mass frame

ε(p|P ) = ω(p+ P/2) + ω(p− P/2), (38)

now transforms with increasing total momentum P , as is
shown in fig. 2. At small total momenta P , the kinetic en-
ergy ε(p|P ) takes its minimal value at the origin p = 0, and
monotonically increases with p at 0 < p < π/2. At large
enough P , the kinetic energy becomes non-monotonic. It
has a local maximum at p = 0, and two minima located at
p = ±pm(P ). The transition between these two regimes
takes place at the critical value Pc(k′) = arccos(1−k′

1+k′ ) of
the total momentum. As a result, the classical phase
portrait of the two-particle relative motion changes at
P > Pc(k′), which also affects the quantization of their
dynamics.

Fortunately, the kink dispersion law (25) in the
antiferromagnetic XXZ-model coincides up to a re-
parametrization with the kink dispersion law in the Ising
spin-(1/2) chain in a transverse magnetic field. This fact
allows one to apply the results of the paper [8], in which
the same semi-heuristic approach has been used to cal-
culate the two-kink energy spectrum in the latter model,
together with the more systematic method based on the
Bethe-Salpeter equation.

Then, in contrast to the Ising model, the kinks in the
XXZ-model are not free particles, but strongly interact at
small distances already at h = 0. This short-range inter-
action leads to the nontrivial two-kink scattering, which
must be properly taken into account. The problem of kink
confinement in the presence of a nontrivial kink-kink scat-
tering has been already studied in the case of the PFT [14].
The dynamics of two kinks confined into a bound state in
the semiclassical regime at h � 1 was described in [14] in
two different ways. At large separations |x2 −x1|, the two
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kinks were treated as classical particles moving accord-
ing to the canonical equations of motion. When the two
kinks approach one another at some point x2 = x1 hav-
ing the momenta p1 and p2, they undergo quantum scat-
tering, which is described by the Faddeev-Zamolodchikov
commutation relations analogous to (30). As a result,
the semi-classical energy spectrum of the two-kink bound
states becomes explicitly dependent on the kink-kink scat-
tering phases. Applying the same strategy, we calculated
the energy spectrum of the two-kink bound states in the
XXZ-model for any Δ < −1 to the first order in h → +0.
Here we shall present the results only. The details of the
calculations, which are to much extent similar to those
described in papers [8,14], will be published elsewhere.

There are three spectral modes, which will be distin-
guished by the parameter η taking the “values” 0 and ±.
The twofold degenerate mode with η = 0 corresponds to
the kink bound states with Sz = ±1. Two other modes
η = ± correspond to the kink bound states with Sz = 0.
The wave functions of such states can be expanded in
the bases (28), which diagonalize the scattering matrix
at h = 0. These two Sz = 0 modes, which are degenerate
in the Ising limit Δ → −∞, split at finite Δ < −1 due
to the difference in their two-kink scattering phases. The
lowest energy of all three spectral modes has the mode
with η = 0.

At |P | < Pc(k′), the initial terms of the low-energy ex-
pansion take the form

En(P, η) = 2ω(P/2) + f2/3[ω′′(P/2)]1/3zn

+ f
sinh γ
ω(P/2)

∂λΘη(λ)
∣∣
λ=0 +O(f4/3), (39)

where n = 1, 2, . . . , and −zn are the zeroes of the Airy
function. So, the shifts between the energy spectra of
the three modes with different η are proportional to the
magnetic field.

The leading term of the semi-classical expansion for the
energy spectra of all three modes at |P | < Pc(k′) reads

2En(P, η) pa −
∫ pa

−pa

ε(p|P ) dp =

f

[
2π

(
n− 1

4

)
+ θη

(
P

2
− pa,

P

2
+ pa

)]
+O(f2), (40)

where n � 1, θη(p1, p2) are the scattering phases defined
by (32), and pa ∈ (0, π/2) is the solution of the equation
En(P, η) = ε(pa|P ).

At Pc(k′) < |P | < π/2, the low-energy expansion takes
the form

E(1,2)
n (P, η) = ε(pm|P ) + f2/3

[
∂2

pε(p|P )
∣∣
p=pm

2

]1/3

x(1,2)
n

+
f

2
∂p θη(P/2 − p, P/2 + p)

∣∣
p=pm

+O(f4/3), (41)

where pm = 1
2 arccos(cosP/ cosPc) is the location of the

minimum of the kinetic energy ε(p|P ), and −x(1)
n = −zn

and −x(2)
n = −z′

n are the zeroes of the the Airy func-
tion and of its derivative, respectively, Ai(−zn) = 0,
Ai′(−z′

n) = 0, n = 1, 2, . . . . The semi-classical asymp-
totics at En(P, η) ∈ (ε(pm|P ), ε(0|P )) modifies to the form

En(P, η) (pa − pb) −
∫ pa

pb

ε(p|P ) dp = fπ

(
n− 1

2

)
+
f

2

[
θη

(
P

2
+ pb,

P

2
− pb

)
+ θη

(
P

2
− pa,

P

2
+ pa

)]
+O(f2), (42)

where pa,b ∈ (0, π/2) are the positive solutions of the
equation

En(P, η) = ε(pa|P ) = ε(pb|P ), pb < pa. (43)

For the energies in the interval En(P, η) ∈
(ε(0|P ), ε(π/2|P )), the semi-classical spectrum is de-
scribed by eq. (40).

At |P | = Pc(k′), the Taylor expansion of the kinetic
energy ε(p|Pc) = ε(0|Pc) + p4

4! ∂
4
pε(p|Pc)

∣∣
p=0 + . . . does not

contain the quadratic term. As a result, the low-energy
expansion changes to the form

En(Pc, η) = 2ω(Pc/2) + f4/5

[
∂4

pε(p|Pc)
∣∣
p=0

6

]1/5

cn

+ f
sinh γ
ω(Pc/2)

∂λΘη(λ)
∣∣
λ=0 +O(f8/5), (44)

where cn are the consecutive solutions of eq. (93) in [8].
The numerical values of the first three ones are c1 = 1.787,
c2 = 3.544, c3 = 5.086. The low-energy expansion (44)
holds for the energies slightly above the lower bound of
the spectrum, E ≈ ε(0|Pc). For higher energies in the in-
terva ε(0|Pc) < E < ε(π/2|Pc), the semi-classical asymp-
totics (40) can be used.

Conclusions. – The energy spectrum of the two-kink
bound states in the XXZ spin-(1/2) chain model (1) in the
massive antiferromagnetic phase in the presence of a stag-
gered magnetic field is calculated perturbatively in two
asymptotic regimes: i) in the extreme anisotropic limit
Δ → −∞ to the first order in ε = 1/|Δ|, and ii) for generic
Δ < −1 at a weak magnetic field, to the first order in h.
Preliminary analysis shows a good agreement1 of the ob-
tained analytical representations for the energy spectra
with the results of numerical calculations performed by
Bera et al. and presented in figs. 10–15 of [5]. To il-
lustrate this, we have displayed in fig. 3 by solid curves
the magnetic-field dependence for the lowest mode energy
calculated by eq. (39) at two values of the anisotropy pa-
rameter Δ = −2, and Δ = −5. The points in fig. 3

1Note that due to (29), only the η = + mode with Sz = 0
contributes to the longitudinal structure factor Szz(ω, Q = π), which
is displayed by red curves in figs. 12–15 of [5], while the other Sz = 0
mode with η = − contributes to the structure factor Szz(ω, Q = 0).
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Fig. 3: (Colour online) The energy of the first bound state for
the mode η = 0 at P = 0 vs. the magnetic field calculated
from (39) at Δ = −5 (upper curve), and at Δ = −2 (lower
curve). The points display the results of numerical calcula-
tions on the finite chains at the same values of the parameters
performed by Bera et al. and presented in fig. 11 of [5].

represent the numerical results for the same energy spec-
tra extracted from fig. 11 of ref. [5]. Taking into account,
that no fitting parameters have been used, the agreement
is seen to be excellent.

Of course, the detailed comparison of the obtained an-
alytical results with already existing [5] numerical and
experimental data is required. On the other hand, it is
desirable to validate the obtained results (39)–(44) by re-
producing them in a more powerful and systematic ap-
proach based on the Bethe-Salpeter equation.

∗ ∗ ∗
I would like to thank Hans Werner Diehl and Frank

Göhmann for fruitful discussions.
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