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Homogenization of periodic structures: One layer is “bulk”
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Abstract — In homogenization theories of periodic electromagnetic structures, such as photonic
crystals or metamaterials, it is commonly assumed that the accuracy of the effective medium
representation is affected by the thickness of the sample in two different ways. The first factor is
the optical length (OL) of wave propagation within the sample. For a large OL, minor deviations
in the wave number may strongly affect transmission and reflection. The second factor is the
putative convergence to bulk characteristics (CB), once the number of layers in the sample has
approached or passed a certain threshold. The theoretical analysis and numerical examples of this
letter show that, while the OL influence is real, CB is not actually relevant; in a sense, one layer

is already “bulk”.

Copyright © 2022 EPLA

Introduction. — In existing effective medium theories
of periodic electromagnetic structures, such as photonic
crystals or metamaterials, it is commonly assumed that
bulk behavior emerges only if the number of layers in a
given structure is sufficiently large. For example, in [1]
the effective medium representation of a certain family of
hyperbolic metamaterials was determined to be accurate,
typically, for five or more layers in the sample, although
the results do vary depending on the composition of the
structure. In [2], the authors studied particular metamate-
rial absorbers and found that four layers could already be
accurately characterized as an effective medium. In other
publications, as little as three layers were deemed suffi-
cient [3,4]. Theoretical analysis of convergence to bulk
behavior has in general been perceived as quite involved
due to the complex behavior of surface waves [5,6].

The thickness of the sample is commonly believed to af-
fect the accuracy of homogenization in two different ways.
The first factor is the optical length (OL), defined as the
phase shift of the wave propagating across the sample (a
Bloch wave in a periodic structure or a plane wave in
a homogeneous medium). For a large OL, minor devi-
ations in the wave number may strongly affect the pre-
dicted transmission coefficient (especially its phase) as well
as reflection. The second factor, as noted above, is the

(8)E-mail: igor@uakron.edu (corresponding author)

putative convergence to bulk characteristics (CB), once
the thickness of the sample (the number of layers) has
approached or crossed a certain threshold.

While the OL influence is real, this letter shows, through
theoretical analysis and numerical examples, that CB is a
non-issue; in a sense, one layer is already bulk.

Preliminaries. — As in [5,7,8], we consider homoge-
nization of periodic heterostructures characterized by the
intrinsic scalar permittivity €(r). The tilde sign is used for
all lattice-periodic quantities. The individual constituents
of the structure are assumed to be linear, local and in-
trinsically non-magnetic. The effective parameters, to be
defined, are denoted by €. and peg and are in general
second-rank tensors different from unity. We will also in-
clude into consideration the effective parameters of mag-
netoelectric coupling xeg and (eg. The complete effective
material tensor M is represented by a matrix

_ [ €eff Xeff
M= ° i 1
(Ceff Meff> )
The dimension of M is in general 6 x 6 but can be re-
duced in special cases, such as 2D problems of s or p
polarization.

Bloch-periodic functions (Bloch waves) are written in
the following generic form:

f(x) = f(r)exp(iq-r), (2)
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where q is the Bloch wave vector. In the case of or-
thorhombic lattices, the lattice periodicity is expressed as

(3)

where a,, a, and a, are the lattice periods, and all points
are simultaneously located within the heterostructure.

In the literature, Bloch waves (2) are sometimes inter-
preted as a result of coherent multiple scattering from the
periodic lattice sites [9,10]. This interpretation can pro-
vide some physical insight, especially for 1D systems, and
is fully consistent with the mathematical expression (2).
The latter is standard and convenient for the analysis of
this letter.

Fine-level fields —that is, the exact solutions to the
macroscopic Maxwell equations— are denoted by small
letters e, d, h and b. These fields should not be confused
with the fields of atomic-scale electrodynamics; rather,
they are assumed to be subject to the following consti-
tutive relations:

f(:c—kax,y-i—ay,z-l-az) = f(xvyaz)v

We adopt the exp(—iwt) phasor convention at a given fre-
quency w. The free-space wave number and wavelength

()

One layer is “bulk”. — Consider a slab with N lay-
ers, thickness d = Na in the normal (n) direction and
infinite in the tangential directions 7,2z, (n,7,z) being a
right-handed system. The slab is illuminated by a plane
wave propagating from the air (n < 0) in the positive
n-direction. The slab/air interface is at n = 0.

For algebraic simplicity, let us assume translational
invariance in the z-direction and the s mode —one-
component electric field e(r) = Ze(r) and the respective
two-component magnetic field h(r) = nh,(r) + 7h,(r),
where r = (n,7). The analysis is extendable to the gen-
eral 3D case.

For a given ¢,, consider a superposition of the forward
and backward Bloch waves:

k():w/c; )\:27('/]{0

e(r) = [c1é1(n, 7) exp(ignin)

+c2é2(n, 7) exp(ignan)] exp(ig-7), (6a)

h.(r) = |:Clil7—1(n, 7) exp(ignin)
+62i~172(n,7) exp(ignan) | exp(ig,7), (6b)
where c; 2 are undetermined coefficients and g,1 = —@n2

are the normal components of the respective Bloch wave
vectors.
Let s(n,7) be any vector field of the form

(7)

over any lattice cell face F parallel to the 7z plane. We
will need the following operator, averaging the tangential

s(n,7) = 8(n)exp(ik,7)

component of s on F:

As(n)

a=? / n x s(n, 1) exp(—ik,7)dF
F

= a*2/n x §(n, ) dF, (8)
F

where the coordinate n corresponds to the location of F
and n is the unit normal vector in the positive n-direction.
Although the A operator depends on F and hence on n,
with a slight abuse of notation we write As(n) instead of
A(n)s(n).

Consider now an arbitrary lattice cell —for convenience,
0 < n,7 < a, although the relations below will apply to

any cell. The amplitudes ¢; 2 of (6a), (6b) are linearly
related to the averages of (e, h,) on the left boundary of
the cell,
C1 . —1 Ae(O)
HEECE Pt AL (9)
of | Aei(0)  Aez(0)

Since Bloch waves are defined up to an arbitrary factor,
it is convenient to rescale the second row of Z(0) to unity
and redefine Z(0) as

z0-3 3|

where z1, 29 are Bloch impedances whose definition is clear
from the context and is consistent with the one in [11,12].

Keeping this in mind, we can proceed with the standard
transfer matrix analysis [13], except that Bloch waves
rather than plane waves are involved. The total face-
averaged field at the boundary n = a is

(10)

] Ly i) [a]
- [y et ela]
® 200207 |11 | = [ A |
(11)
where
Q= [exp(iof]ma) eXp(gma)] (12)
Te = 2(0)Q 2(0)~ (13)
For an N-layer slab, let us define
Ty 17N = 2(000Q N 2(0) (14)
Then the input-output relation for the slab is
] = )
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where

E(0) % Ae(0), E(Na) % Ae(Na),

H.(0) < Ah,(0), H,(Na) < Ah,(Na).

(16a)
(16b)

Expressing E(Na), H;(Na) via the amplitude of the
transmitted field E;, we have

E(0)

H.(0)
where 2o, is the intrinsic impedance of the medium on the
transmission side. Finally, writing E(0), H,(0) in terms of

the amplitudes of the incident and reflected waves E;, E,.,
one obtains

= TN\:[IoutEt» \Ilout déf :| ’ (17)

1
Zout €S Oout

[%’ } = U TN, By, (18a)
def 1 1
Yin = { z;ll cos b;, —z;ll cos by, |’ (18b)

where z;, is the intrinsic impedance of the medium on the
side of incidence.

Although the algebra above may look cumbersome at
first glance, we reiterate that it represents the standard
layer-by-layer transfer matrix method applied to Bloch
wave averages.

Due to (16), the differences between E and e, and be-

tween H and h on both sides of the slab (physically, these
differences represent surface waves [5,6]) do not contain
the zero-order harmonic with respect to 7 and hence do
not affect the far fields, as long as a < Agyt. This brings
us to the following key proposition.
Proposition 1. At any given angle of incidence, reflec-
tion and transmission coefficients are identical for any
structures with the same values of the Bloch wave num-
bers and impedances, regardless of the number of layers.

Indeed, since matrices Z(0) and @ depend only on the
Bloch parameters, the same is true for the cell transfer
matrix T¢ (13) and hence for the relationship between the
incident /reflected /transmitted fields (18a).

Furthermore, Proposition 1, along with (18b), leads to a
natural definition of homogenization. Since effective ma-
terial parameters must be intrinsic to the structure and
independent of the outside media, and since the only such
intrinsic term in (18a) is the transfer matrix T (14), the
goal of homogenization must be to approximate this ma-
trix as accurately as possible with an analogous matrix
corresponding to a hypothetical homogeneous medium;
that is, to minimize, with respect to a desired norm, the
matrix difference

AT Ty — Ty = 2(0)Q N Z(0) ™!

~Z,(0)Q, N 2,071, (19)

where the subscript “A” indicates the respective matrix
for a homogeneous layer with given parameters.

TN involves four variables —the Bloch impedances 21,
zo and wave numbers ¢,1, gno— which are functions of
the angle of incidence. If the effective parameters are also
allowed to depend on the angle, as done in some existing
theories (e.g., [14,15]), then matrices Z;,(0), @ may be
angle-dependent as well. Under these assumptions, per-
fect homogenization is possible, since the material tensor
has 9 adjustable entries, allowing an ideal fit for the four
parameters of T. Hence we arrive at the following known
result.

Proposition 2. If the effective parameters are allowed
to depend on the angle of incidence, then homogenization
can be perfect irrespective of the number of layers.

On the other hand, for an effective tensor independent of
illumination conditions [7,16], error AT (19) is in general
non-zero. For small deviations 0219 = 21,2, — 21,2, 612 =
41,2 —q1,2, Perturbation analysis gives the Frobenius norm

||ATHF = O((SZLQ, N(SQLQ). (20)

The N factor is a clear manifestation of the OL effect. At
the same time, there is no indication of the putative CB
phenomenon.

While the s mode was considered to fix ideas, the anal-
ysis and results can be extended to arbitrary structures
with arbitrary excitation, even for polarization rotation.
The only stipulation in this general case is existence, for
a given angle of incidence, of four linearly independent
Bloch waves! (backward/forward, with two different po-
larizations). The Z, Tr and Txn matrices are in general
4 x 4 and act on the 4-vectors (E;1, Ero, Hr1, Hra).

Numerical examples. —

Layered media. Under plane wave illumination, fields
in periodic layered media (with a finite thickness d = Na
in the normal n-direction, and infinite in the 7z direc-
tions) are mathematically described by ordinary differen-
tial equations with respect to n and therefore are linear
combinations of two linearly independent solutions, which
can conveniently be chosen as Bloch waves. Consequently,
there are no surface waves (“transition layers”), and it fol-
lows from the analysis above that the retrieved effective
material parameters must be completely independent of
the number of layers.

As a numerical example, we consider a benchmark prob-
lem established in previous publications [7,8,16], fig. 1.
The lattice cell has mirror symmetry and contains three
dielectric layers (a, b, a), with their respective permittivi-
ties €q, €p, €, and widths (1/4,1/2,1/4) a. The materials
are intrinsically non-magnetic. Free space is assumed on
the sides of illumination and transmission; s-polarization
is considered (E = E., H is in the n7 plane, with different
directions and magnitudes for the incident, reflected and
transmitted waves).

For a numerical investigation, we have adopted straight-
forward parameter retrieval, to avoid any real or perceived

Linear independence is stipulated here only for the boundary
values of the respective Bloch waves.
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Fig. 1: The setup for the example of a layered structure.
The lattice cell contains three layers, aba, with their respec-
tive widths w,, wp, w, and dielectric permittivities €4, €p, €q.
Oblique incidence, s-polarization (F = E., H in the n7 plane).

idiosyncrasies of any other homogenization procedures.
Finding the material tensor from the transmission and re-
flection data at normal incidence only is well known to be
an underdetermined problem [16,17]. This is related math-
ematically to the multivaluedness of the inverse trigono-
metric functions, and physically to a varying number of
wavelengths within a homogenized slab with a high un-
determined optical density. Retrieval becomes well posed
if, in addition to normal incidence, other angles are taken
into account. A semi-analytical procedure for parame-
ter retrieval at angles around normal incidence is detailed
in [16].

As a simple alternative, here we apply numerical opti-
mization for the following set of angles of incidence:

6 = {0,45°,£10°, £45°}. (21)

The objective function is
G(M7Q7 N) = HEhfﬁlayered”2 + ||Ihizlayered”2' (22)

Here Ry, Riyyereas Lny Liayerea are the Euclidean vectors
of the complex reflection and transmission coefficients, re-
spectively, corresponding to a given set of incidence angles
6; subscripts “h” and “layered” correspond to the homog-
enized slab with a material tensor M and to the actual
layered structure, respectively. Similar notation is used for
the sets of transmission coefficients. Minimization of the
functional G (22) was performed numerically using Mat-
lab’s built-in function fminsearch, with the tolerance of
1075, The number of layers N varied from 1 through
10. For a/\ = 0.2 (i.e., the vacuum wavelength equal to
five cell sizes), and for ¢, = 4 4+ 0.1i, ¢, = 1 the effec-
tive parameters are found to be €. = 2.0397 4+ 0.01654,
Hnnet = 1.2347 + 0.0826i, pirrop = 1.2883 + 0.0163:.
These results are entirely independent of the number of
layers.

A 3D plasmonic structure.  Our second example is
more involved: a rectangular silver parallelepiped d,, x
dr X d, at the center of an otherwise empty lattice cell
a X a x a (fig. 2). Ilumination is by an s-polarized plane
wave. Due to symmetry, the effective material tensor is

H
: (b)
z 7

Fig. 2: (a) The unit cell for the 3D example: a rectangular
silver cuboid (d, X d- X d.) in a host material with the per-
mittivity 1.0; d,, = 100 nm, d = d, = 80 nm. The cell size
is az = ay = az = a = 200 nm. (b) Top view of the sam-
ple structure (truncated in the £7-direction); illumination by
an s-polarized plane wave from the left. Periodicity in the
z-direction.

diagonal. Particular geometric parameters chosen for this
example are d,, = 100 nm, d, = d, = 80 nm, a = 200 nm.
We use the following form of the Drude model for silver:

1

DY . —
6( ) €0 )\%/)\Q‘i‘l'?)\p/)\,

(23)

where A = 27mc¢/w is the free-space wavelength corre-
sponding to a given frequency w; €y = 5; 4 = 1/526.3;
Ap =136.1 nm [18].

For our full-wave 3D simulations, we have chosen
the publicly available Rigorous Coupled Wave Analysis
(RCWA) [19,20] tool S* [21], which has been extensively
used and tested by various research groups and in our prior
publications [22,23]. S* is freely available on the nanohub
server [24].

RCWA splits up a 3D structure with 2D periodicity
into thin slices. 2D Fourier expansions within each slice
are matched across the interface boundaries between the
slices to enforce the continuity of the tangential field
components. In most our simulations, the number of in-
plane Fourier coefficients is Ny = 100, but we have also
verified consistency of the results in selected cases with
N, = 400. Transmission and reflection coefficients have
been computed for structures with one to ten layers at
the free-space wavelength A = 1200 nm.

The parameter retrieval procedure and the objective
function (22) are the same as in the previous example.

Plotted in figs. 3-5 are the real parts of the retrieved
effective parameters ecq, fincr and pr g for the 3D plas-
monic heterostructure as a function of the number of lay-
ers. (The imaginary parts of these parameters are of the
order of 0.01 and not shown). All parameters exhibit just
minor deviations from a constant value, and, consistent
with our analysis above, there is no evidence of a gradual
transition to bulk values.

35001-p4
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Re Eeff

0.5

& s b
number of layers

Fig. 3: The real part of the retrieved e.g for the 3D plasmonic

heterostructure vs. the number of layers. A = 1200 nm, a =

200 nm, angles used for retrieval (deg.): 0, 5, 10, 45. There is
no indication of gradual “convergence to bulk”.

02r

1 2 3 4 5 6 7 8 9 10
number of layers

Fig. 4: Same as fig. 3 but for pn cs-

This conclusion can be reinforced by looking at the re-
sults in a slightly different way. Suppose that parameter
retrieval is performed just for a single layer of the struc-
ture under consideration. By conventional wisdom, these
parameters would not be applicable to the “bulk”. How-
ever, the numerical results paint a different picture —in
accord with the theory presented on page 2 of this let-
ter. Compared in fig. 6 are the absolute values of the re-
flection coefficients for the actual heterostructure and the
respective homogenized slab, as functions of the number
of layers, for 6, = 45°. The agreement between the two
is evident for all numbers of layers, despite the fact that
parameter retrieval was performed for a single layer only.
(Numerical results for other angles of incidence lead to the
same conclusion.) A similar agreement is manifest for the
phase angle of R (fig. 7) as well as for the magnitudes and
phases of the transmission coefficients (figs. 8, 9).

There is, however, an important caveat. In the case
under consideration, effective parameters are virtually in-
dependent of the angle of incidence. This means that the
heterostructure is homogenizable in the traditional sense.
Then, as our theory and results show, effective parameters

s} —-— —-— - °
08}
07t
5 06F
g
=
205
L5
M o04f
03t
0.2
01f
0 g i i 1 5 i g 1 ;
1 2 3 4 5 6 7 8 9 10
number of layers
Fig. 5: Same as fig. 3 but for pir cs.
0.35
p .0 .) aiu:- = 45°
o
03 * & gctual
—+ homogenized'
0.25 A
02 K
=
0.15
o
0.1
0.05 H
0 ! ' ) ‘ !
0 2 4 6 8 10

number of layers

Fig. 6: The absolute value of the reflection coefficient R ws.
the number of layers, for the actual heterostructure and the
respective homogeneous slab. A = 1200 nm; the angle of in-
cidence is 45° (numerical results for other angles lead to the
same conclusions). The stems are displaced slightly relative to
their integer positions for visual clarity.

do not depend on the number of layers. On the other
hand, if parameters are allowed to be illumination de-
pendent?, then homogenization can render reflection and
transmission coefficients perfectly, and the effective (angle-
dependent) parameters are, yet again, independent of the
number of layers.

As noted in the introduction, parameters retrieved for
a small number of layers were often recognized by var-
ious research groups to be physically meaningful [1-4];
this is consistent with the primary message of this let-
ter. If a dependence of effective parameters on the number
of layers is observed, it is likely due to a combination of
factors: i) numerical and/or measurement errors and fab-
rication tolerances, and ii) structure not being homogeniz-
able because of its complexity and/or wavelengths being
short.

Discussion and conclusion. — Homogenization is
aimed at replacing a periodic heterostructure with a

2 Here we do not debate the usefulness of illumination-dependent
parameters; this was done in [16].
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3: Oime = 45° —= actual
4+ homogenized

0 2 4 6 8 10
number of layers

Fig. 7: Same as in fig. 6, but for the phase angle of R.

1 e - —® homogenized,
- - - -
B & - -
08F
06+
&
04r
02F
0 1 A ' A ' A
0 1 2 3 4 5 6 7 8 9 10

number of layers

Fig. 8: Same as in fig. 6, but for |T'|.

3 Biuc = 45°

—# actual )
= homogenized

N}
: 4

Lr
—t
—t

-1

2

-3
0 2 4 6 8 10

number of layers

Fig. 9: Same as in fig. 7, but for the phase angle of T.

homogeneous sample of the same size and shape, in such a
way that transmission and reflection (or, more generally,
scattering) of the incident radiation remains unchanged
or changes as little as possible. In the case of a homoge-
neous slab illuminated by a linearly polarized plane wave
at any fixed angle of incidence, the field within the slab,
under rather general assumptions, is a superposition of two
independent plane waves — forward and backward. No-
tably, the same is true for the periodic structure, except

that the superposition is of the forward and backward
Bloch waves rather than plane waves.

This leads to the following correspondence principle,
stated as Proposition 1 in this letter. If the boundary
impedance and wave number for a homogeneous layer are
the same as those of the periodic structure, the scatter-
ing parameters in these two cases are indistinguishable at
any given angle of incidence, regardless of the number of
layers. That is, the effective parameters corresponding to
a single layer are the same as the bulk ones. This con-
clusion is supported by theoretical analysis and numerical
simulations in the letter.

For simplicity, in the numerical examples of this letter
we considered symmetric lattice cells. However, the anal-
ysis, results and conclusions do not depend on symmetry.
Indeed, structures lacking mirror symmetry can be homog-
enized if magnetoelectric coupling is introduced [25]; the
homogenization accuracy is then comparable with that of
similar symmetric structures, and the effective material
tensor is still independent of the number of layers —that
is, one layer is still “bulk”.

One may wonder why the main point of this letter (one
layer is already “bulk”) has not been noted previously. We
surmise one general reason and a few incidental ones. Gen-
erally, homogenization of metamaterials is quite involved
due to its non-asymptotic character [7]: to achieve unusual
physical effects, the lattice cell size a cannot be vanishingly
small relative to the vacuum wavelength A [26]. The com-
plex field behavior in large lattice cells (a ~ (0.2-0.4)A
in many cases of practical interest) tends to reduce the
accuracy of homogenization; this is often interpreted as
effects of spatial dispersion. Dependence of the effective
parameters on the number of layers (or the absence of such
dependence) is thereby obscured. The incidental reasons
alluded to above depend on the nature of research. Exper-
imental work is likely to be affected by measurement errors
and fabrication tolerances [1]. In analytical and numeri-
cal studies [2-4], dependence of the effective parameters
on the number of layers has not been the main thrust of
investigations and has not been studied in detail.

Since the analysis of this letter relies in a principal way
on periodicity and Bloch modes, the conclusions do not
apply to random or pseudorandom structures, where con-
siderations are qualitatively different.
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