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Abstract – We show that in two-band s-wave superfluids it is possible to induce quantum
phase transitions (QPTs) by tuning intraband and interband s-wave interactions, in sharp
contrast to single-band s-wave superfluids, where only a crossover between Bardeen-Cooper-
Schrieffer (BCS) and Bose-Einstein condensation (BEC) superfluidity occurs. For non-zero in-
terband and attractive intraband interactions, we demonstrate that the ground state has al-
ways two interpenetrating superfluids possessing three spectroscopically distinct regions where
pairing is qualitatively different: I) BCS pairing in both bands (BCS-BCS), II) BCS pairing
in one band and BEC pairing in the other (BCS-BEC), and III) Bose pairing in both bands
(BEC-BEC). Furthermore, we show that by fine tuning the interband interactions to zero one
can induce QPTs in the ground state between three distinct superfluid phases. There are two
phases where only one band is superfluid (S1 or S2), and one phase where both bands are
superfluid (S1 + S2), a situation which is absent in one-band s-wave systems. Lastly, we sug-
gest that these crossovers and QPTs may be observed in multi-component systems such as 6Li,
40K, 87Sr, and 173Yb.

Copyright c© 2022 EPLA

Introduction. – The evolution from Bardeen-Cooper-
Schrieffer (BCS) to Bose pairing in one-band superfluids
is a topic of intensive recent experimental [1–4], and the-
oretical [5–8] research, because it is the simplest system
addressing the deep theoretical connection between BCS
and Bose superfluidity [9–11] that arises in many areas
of physics: condensed matter (superconductivity), atomic
physics (ultracold Fermi superfluids), astrophysics (super-
fluid neutron stars) and quantum chromodynamics (color
superconductivity) [12]. Although it is now possible to
experimentally tune the carrier density in superconduc-
tors via gate voltages [13] or geometric configurations [14],
the tunability of interactions is extremely limited or in-
existent in quantum chromodynamics, astrophysics, and
condensed matter physics. However, for low-density one-
band Fermi atoms (6Li or 40K) it is possible to tune
s-wave interactions and study the crossover from BCS to

(a)E-mail: wzhangl@ruc.edu.cn (corresponding author)
(b)E-mail: carlos.sademelo@physics.gatech.edu

Bose-Einstein condensation (BEC) superfluidity [15–18],
where large Cooper pairs evolve into tightly bound pairs,
when interactions change from weak to strong.

Although the BCS-BEC crossover is interesting, its
physics is not as striking as that occurring in quan-
tum phase transitions (QPTs), where singular behav-
ior emerges. In one-band superfluids, topological QPTs
were theoretically predicted as a function of interaction
strength for higher angular momentum pairing, such as p-
or d-wave [19–22], leading to superfluid phases in the BCS
and BEC regimes which are qualitatively different. How-
ever, the experimental observation of this phenomenon in
cold gases has failed so far, because p-wave fermion pairs
dissociate by tunneling out of the centrifugal barrier, that
is, their lifetime is just not long enough to observe super-
fluidity [23–25]. This experimental fact, makes it currently
impossible to study predicted QPTs in the superfluid state
of p-wave or higher angular momentum pairing [26] as a
function of interactions in three-dimensional geometries.
However, there are recent [27] and earlier [28] reports
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of collisional-loss reduction in p-wave scattering for a
quasi-one-dimensional geometry, thus suggesting the pos-
sibility of having relatively stable p-wave pairs, which
could lead to the observation of QPTs in future
experiments.
In this paper, we propose an alternative idea to study

elusive QPTs between qualitatively different superfluid
states during the BCS to BEC evolution: tune only s-
wave interactions, but enlarge the Hilbert space of states
to two bands with or without an energy offset [29]. The
tuning of s-wave interactions creates stable fermion pairs,
while the existence of two bands allows for the emergence
of QPTs. Our work provides new insights into the evolu-
tion from BCS to BEC in two-band superfluids in addi-
tion to the analysis of Goldstone and Leggett modes [30],
zero and finite temperature theory for the crossover from
BCS pairing to two types of BECs [31], zero temper-
ature condensate fraction and crossover diagrams [32],
Ginzburg-Landau theory of shallow and deep bands [33],
screening of pair fluctuations [34] and enhancement of crit-
ical temperature [35].
Experimental candidates include systems with four

states, such as 6Li and 40K, where interactions may
be tuned via magnetic Feshbach resonances [15–18], or
87Sr [36,37] and 173Yb [38,39], where interactions may be
tuned via orbital Feshbach resonances [40,41]. We investi-
gate a Fermi gas with two parabolic bands per spin label
(four states) separated by a band offset ε0, whose physical
origin can be a quadratic Zeeman shift or a higher energy
state of the trap (harmonic, box or painted). We allow
for s-wave intraband and interband interactions, where
the latter is described by pair tunneling J . The special
case of J = 0, may be realized depending on symmetry
conditions. For instance, consider the example of atoms
having two internal atomic states with spin labels (↑, ↓)
and center-of-mass (CM) wave functions with the symme-
try of the ground and first excited state of a harmonic
trapping potential with anisotropies to avoid degeneracies
in the first excited state. In this case, the Josephson tun-
neling between bands is expected to be essentially zero,
because of the orthogonality of the CM wave functions.
The energy difference between the first excited and the
ground states, plays the role of the band offset ε0, which
can be tuned by changing trap frequencies.
We find two types of crossovers and two types of QPTs.

For non-zero J , the ground-state phase diagram always
exhibits superfluidity in both bands for any chosen values
of the intraband interactions. This means that there are
no QPTs, but there are two crossovers. Typical crossover
lines separate regions which are spectroscopically distinct
with respect to their quasiparticle excitation spectrum: I)
both bands have indirect gaps (BCS-BCS); II) one band
has an indirect gap and the other has a direct gap (BCS-
BEC); III) both bands have direct gaps (BEC-BEC). The
first type of QPT is a 0-π phase transition, where the rel-
ative phases of the s-wave order parameters in the two
bands changes from 0 (J > 0) to π (J < 0). However,

the second type of QPT occurs for J = 0, and leads to
three different ground states as intraband interactions are
changed: a) two phases where only one band is super-
fluid (S1 or S2); and b) one phase where both bands
are superfluid (S1 + S2). Thus, QPTs in two-band s-
wave superfluids are found, rather than standard crossover
physics in the evolution from BCS to BEC superfluidity.
To characterize the QPTs, we investigate pair sizes and the
coherence lengths, and show that they describe differ-
ent concepts like in the single band case. We derive a
Ginzburg-Landau fluctuation theory and show that the
appropriate coherence length diverges when a QPT is
crossed. We also characterize the QPTs thermodynam-
ically by revealing the existence of discontinuities in the
compressibility.

Hamiltonian. – To explore QPTs in two-band s-wave
superfluids, we start from the Hamiltonian

H =
∑
jks

ξj(k)c
†
jkscjks +

∑
ijkk′q

Vij(k,k
′)b†ikqbjk′q, (1)

where pair operators bjkq = cj,−k+q/2,↓cj,k+q/2,↑ are de-
fined in terms of fermion operators cjks with band index
j = {1, 2}, momentum k and spin label s = {↑, ↓}. We
work in three dimensions (3D) and choose units where
� = kB = 1. The term ξj(k) = εj(k) − μ is the kinetic
energy for band j with respect to the chemical potential

μ, with εj(k) = εj0 + k2

2mj
, where mj is the band mass.

We choose ε10 = 0 and ε20 = ε0 > 0, where ε0 is the en-
ergy offset between the two bands, as shown in fig. 1: the
solid blue line (solid red line) represents band 1 (band 2),
and EF1

= k2F1
/2m1 (EF2

= k2F2
/2m2) is the Fermi energy

with Fermi momentum kF1
(kF2

). In eq. (1), Vij(k,k
′) are

intraband and interband interactions. The interactions are
written in the separable form Vij(k,k

′) = VijΓi(k)Γj(k
′),

where Γi(k) = [1+k2/k2R]
−1/2, with kR ∼ R−1. Here, R is

the interaction range in real space. The symmetry factors
Γi(k), Γj(k) in Vij(k,k

′) represent s-wave intraband pair-
ing interactions V11 in band 1, and V22 in band 2; while
the interband interactions V12 = V21 = −J are Josephson
couplings, that is, there is a momentum space proximity
effect, where superfluidity in one band can induce super-
fluidity in the other.

Physical picture. – The parameters of the Hamil-
tonian in eq. (1) are: masses m1 and m2, interactions
V11 = −|V11|, V22 = −|V22|, and V12 = V21 = −J , band
offset ε0, and chemical potential μ fixing the total number
of particles N = N1 + N2. Next, we set m1 = m2 = m,
but the arguments presented are based on energetics and
are also valid for m1 �= m2 [29]. To compare interac-
tions to Fermi energies EF1

and EF2
, we write the in-

teraction energy scales λ1 = |V11|N1, λ2 = |V22|N2, and
λJ = J

√
N1N2.

In fig. 1, Fermi energies EF1
and EF2

are compared to in-
teraction energies λ1 and λ2. The Josephson energy scale
λJ , not shown in the figure, is considered to the smallest of
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Fig. 1: Energy dispersions εj(k) and Fermi energies EFj for
j = {1, 2}: band 1 in blue is shifted down by ε0 with respect
to band 2 in red. Intraband interaction strengths are λj =
|Vjj |Nj , where Nj is the number of particles in band j. When
λj � EFj (λj � EFj ) pairing is BCS-like (BEC-like).

all. A simple analysis of these energy scales leads to four
general outcomes. The first case is illustrated in panel (a),
where the pairing energy scales λ1 � EF1

and λ2 � EF2

leading to BCS pairing in both bands (BCS-BCS), and
pair sizes ξ1 � k−1

F1
and ξ2 � k−1

F2
, where kFj

is the Fermi
momentum associated with band j. The second case is
illustrated in panel (b), where λ1 � EF1

and λ2 � EF2

leading to BCS pairing in band 1 and BEC pairing in band
2 (BCS-BEC), and pair sizes ξ1 � k−1

F1
and ξ2 � k−1

F2
. The

third case is illustrated in panel (c), where λ1 � EF1
and

λ2 � EF2
leading to BEC pairing in band 1 and BCS

pairing in band 2 (BEC-BCS), and pair sizes ξ1 � k−1
F1

and ξ2 � k−1
F2

. The fourth case is illustrated in panel (d),
where λ1 � EF1

and λ2 � EF2
leading to BEC pairing

in both bands (BEC-BEC), and pair sizes ξ1 � k−1
F1

and

ξ2 � k−1
F2

. The effect of λJ is to transfer fermion pairs
from one band to the other, thus guaranteeing that the
ground state is always superfluid with both bands partic-
ipating. Thus, when λJ �= 0, we can have only crossovers
between the four regions. The case of λJ = 0 is very spe-
cial, because it blocks pair transfer, and allows for ground
states where superfluidity exists not only in both bands,
but also in just one band, as either interactions or band
offset are changed. Thus, fine tuning λJ to zero allows
for QPT’s between different superfluid phases rather than
crossovers, even with only s-wave interactions.

Phase diagrams. – To obtain the thermodynamic po-
tential Ω = −T lnZ, where Z is the grand canonical parti-
tion function, we choose pairing to be independent of time
and to occur at zero CM momentum (q = 0), that is, the
pairing field is Δj(q) = Δj0δq0, where Δj0 is the order pa-
rameter for the jth band. This approximation leads to Ω =
Ωp+Ωc. The first term is Ωp = −

∑
ij Δ

∗
i0gijΔj0. The sec-

ond term, arising from the fermionic degrees of freedom,

is Ωc = T
∑

jk

{
β [ξj(k)− Ej(k)]− 2 ln

[
1 + e−βEj(k)

]}
,

where the quasiparticle excitation energy is Ej(k) =√
ξ2j (k) + |Δj(k)|2 with Δj(k) = Δj0Γj(k). When both

|Δ10| and |Δ20| are non-zero, Ej(k) is always gapped.
This gap can be indirect BCS-like, that is, at non-zero
momentum; or direct BEC-like, that is, at zero momen-
tum. Spectroscopically, there are three regions: I) where
μ > ε0 and both E1(k) and E2(k) have indirect BCS-like
gaps (BCS-BCS); II) where ε0 > μ > 0 and E1(k) has
an indirect BCS-like gap and E2(k) has a direct BEC-like
gap (BCS-BEC); and III) where μ < 0 and both E1(k)
and E2(k) have direct BEC-like gaps (BEC-BEC).
While Ωc depends only on the moduli |Δj0|, we can

write Ωp in terms of the modulus and phase of Δj0 =
|Δj0| exp (iϕj) to obtain Ωp = −g11|Δ10|2 − g22|Δ20|2 −
2g12|Δ10||Δ20| cos δϕ, where δϕ = ϕ2 − ϕ1 is the relative
phase between the two order parameters. Here, g11 =
−V22/detV, g22 = −V11/detV, and g12 = −V12/detV
with detV = (V11V22 − V12V21) > 0. Since V12 = V21 =
−J , g12 = J/detV defines the sign of the prefactor of
cos δϕ. When |Δ10| and |Δ20| are non-zero and J > 0
(J < 0), the thermodynamic potential Ω is minimized
when the phases of the order parameters are the same
(differ by π), that is, ϕ2 = ϕ1 (ϕ2 = ϕ1±π). When J = 0,
ϕ1 and ϕ2 are completely independent. This means that
the limit J → 0 is singular, and switching J → −J while
keeping V11, V22, ε0, and μ fixed at any values leads to a
0-π QPT.
From the condition δΩ/δΔ∗

i0 = 0, we get the order pa-
rameter equations

Δi0 = −
∑
jk

Vij
Δj0|Γj(k)|2

2Ej(k)
tanh

[
βEj(k)

2

]
. (2)

The number equation is N = −∂Ω/∂μ|T,V , lead-
ing to N = N1 + N2, where Nj = 2

∑
k nj(k)

is the number of particles in band j, and nj(k) =
1
2

{
1− ξj(k)

Ej(k)
tanh

[
βEj(k)

2

]}
is the momentum distribu-

tion for each internal (spin) state. For J > 0 with ϕ1 = ϕ2

or J = 0 with ϕ1 and ϕ2 being independent, we ob-
tain |Δj0| and μ from the order parameter and number
equations by writing V11 = −|V11| and V22 = −|V22|
in terms of the s-wave scattering lengths asj [30] via

1
|Vjj | = −mjL

3

4πasj
+

∑
k

|Γj(k)|2
2εj(k)

. We use the total parti-

cle density n = N/V to define an effective Fermi mo-
mentum kF via n = k3F /3π

2 and an effective Fermi en-
ergy εF = k2F /2m as momentum and energy scales, since
we choose m1 = m2 = m from now on. Note that
k3F = k3F1

+ k3F2
. In fig. 2, we show |Δ10|/εF and |Δ20|/εF

vs. 1/kF as2 for fixed 1/kF as1 = −1.5, but different val-
ues of (ε0/εF , J/εF ). Note that in panels (a) and (b),
where J/εF �= 0, both bands are always superfluid with
|Δ10|/εF �= 0 and |Δ20|/εF �= 0. In panels (c) and (d),
where J/εF = 0, there are regions where both bands are
superfluid with |Δ10|/εF �= 0 and |Δ20|/εF �= 0. But when
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Fig. 2: Order parameters |Δ10|/εF (dot-dashed blue lines) and
|Δ20|/εF (solid red lines) vs. 1/kF as2 for fixed 1/kFas1 =
−1.5 and different values of (ε0/εF , J/εF ): (a) (0, 10−3);
(b) (0.9, 10−3); (c) (0, 0); (d) (0.9, 0). Insets show |Δj0|/εF
for −4 ≤ 1/kF as2 ≤ 1.

1/kF as2 is sufficiently large, only band 2 is superfluid as
|Δ10|/εF = 0 and |Δ20|/εF �= 0.
The ground-state phase diagrams in the 1/kF as1 vs.

1/kF as2 plane, shown in fig. 3, are determined by an-
alyzing |Δ10|, |Δ20|, and μ. The solid red (dot-dashed
blue) line corresponds to μ = ε0 (μ = 0). In panels
(a) and (b), where J/εF �= 0, superfluidity arises in both
bands for all values of 1/kF as1 and 1/kF as2 as |Δ10| and
|Δ20| are always non-zero. Thus, there are only crossovers
between spectroscopically different superfluids phases:
I) BCS-BCS (purple) with μ > ε0, II) BCS-BEC (gray)
with ε0 > μ > 0, and III) BEC-BEC (green) with μ < 0.
However, in panels (c) and (d), where J/εF = 0, there
are three different phases and QPTs between them. The
phases are S1 (blue) with |Δ10| �= 0 and |Δ20| = 0, S2

(orange) with |Δ10| = 0 and |Δ20| �= 0, and S1 + S2 (yel-
low) with |Δ10| �= 0 and |Δ20| �= 0. For J/εF = 0, there is
no superfluid proximity effect, thus, the strongest-coupled
band depletes the weakest-coupled band forcing the order
parameter of the latter to zero. At the boundaries between
S1 + S2 and S1 (S2), |Δ20| (|Δ10|) vanishes and the tran-
sitions are continuous. Furthermore, for J/εF = 0, suffi-
ciently large 1/kF as1 (1/kF as2), and one of the bands in
its normal phase |Δ20| = 0 (|Δ10|) = 0, the particle num-
berN2 (N1) vanishes when μ < ε0 (μ < 0). This is a trivial
situation, where all particles are paired in band 1 (band 2)
and no free particles are present in band 2 (band 1). These
calculations confirm previous conjectures [29] and shine
light on earlier works that missed the full phase diagrams
containing double crossovers and QPTs [31,42–46].
To characterize further the spectroscopic regions (I), II),

III)) and the QPTs for J/εF = 0, we discuss the pair sizes
ξj within the j-th band [19,47]:

ξ2j =

(∑
k

φ∗
j (k)

[
−∇2

k

]
φj(k)

) / ∑
k

|φj(k)|2, (3)

Fig. 3: Phase diagrams in 1/kFas1 vs. 1/kF as2 plane for dif-
ferent values of (ε0/εF , J/εF ): (a) (0, 10−3); (b) (0.9, 10−3);
(c) (0, 0); (d) (0.9, 0). In (a) and (b): the BCS-BCS region
(I, purple), BCS-BEC region (II, gray), and BEC-BEC region
(III, green) are shown; the solid red line is for μ = ε0 = 0. In
(c) and (d): three phases of S1+S2 (yellow) with |Δ10|, |Δ20| �=
0, S1 (blue) with |Δ10| �= 0 and |Δ20| = 0, and S2 (orange)
with |Δ10| = 0 and |Δ20| �= 0 are depicted; the vertical solid
red (dotdahed blue) is for μ = ε0 = 0.9εF (μ = 0).

where φj(k) = Δj(k)/2Ej(k) is the non-normalized pair
wave function. In fig. 4, we show kF ξ1 (dot-dashed blue
line) and kF ξ2 (solid red line) vs. scattering parameter
1/kF as2 for fixed 1/kF as1 = −1.5 and different values of
(ε0/εF , J/εF ). Panels (a) and (b) show that when J/εF is
sufficiently large, e.g., J/εF = 10−3, the pair sizes always
decrease as 1/kF as2 increases. Thus, kF ξj monotonically
decreases from a BCS-BCS region I) to a BEC-BEC re-
gion III) in (a), and monotonically decreases from a BCS-
BCS region I) to a BCS-BEC region II) to a BEC-BEC
region III) in (b). Panels (c) and (d) show that, for a
smaller J/εF = 10−4, kF ξ1 continues to decrease mono-
tonically with 1/kF as2 , however kF ξ2 first increases and
then decreases before entering the BEC-BEC region III).
This non-monotonic behavior of kF ξ2 is simply a reflection
of the proximity to a QPT, where the order parameter
|Δ20| is approaching zero. The emergence of two QPTs
is shown in panels (e) and (f), where J/εF = 0. In this
case, kF ξ1 (kF ξ2) increases (decreases) monotonically with
1/kF as2 and is zero in the orange S2 (blue S1) region. The
divergence in kF ξj occurs as |Δj0| → 0.

Ginzburg-Landau theory. – As shown in fig. 3,
QPTs occur only for J/εF = 0. In the vicinity of the phase
boundaries between the S1 + S2 (yellow) and S1 (blue)
or S2 (orange) phases, a Ginzburg-Landau (GL) theory
is possible. Writing the order parameter as Δj(q) =
|Δj0|δq,0+Λj(q), and setting |Δj0| = 0 at the appropriate
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Fig. 4: Pair sizes kF ξ1 (dot-dashed blue line) and kF ξ2 (solid
red line) vs. 1/kFas2 for fixed 1/kF as1 = −1.5 and dif-
ferent values of (ε0/εF , J/εF ): (a) (0, 10−3); (b) (0.9, 10−3);
(c) (0, 10−4); (d) (0.9, 10−4); (e) (0, 0); (f) (0.9, 0). Background
color are as in fig. 3. The value kF ξj = 1 approximately sep-
arates the BCS-like (kF ξj � 1) and BEC-like (kF ξj � 1)
regimes. The coherence lengths kF ξ1c (dashed magenta line)
and kF ξ2c (dotted green line) are shown in panels (e) and (f).
Insets in (e) and (f) compare pair size kF ξ2 (solid red) and
coherence length kF ξ2c (dotted green).

boundary, the GL thermodynamic potential becomes

ΩGL = Ωi+ΩjN+

∫
d3r

L3

[
Λ∗
j (r)Mj(q̂)Λj(r) + bj |Λj(r)|4

]
,

where Ωi (ΩjN ), with i �= j, is the thermodynamic po-
tential of band i (j) which remains superconducting (be-
comes normal) at the phase boundary. The fluctuation
terms under the integral are Mj(q̂) = aj + cjq̂

2/2mj ,
and bj > 0. The GL coherence length ξjc for pairing in
the j-th band is ξ2jc = cj/2mjaj , where aj = Mj(0) and

cj = 2mj

[
∂2Mj(q)/∂q

2
]
q=0

, with

Mj(q) = −gjj −
∑
k,λ

|Γ(k)|2αpλ
j (k+,k−)β

pλ
j (k+,k−),

and k± = k±q/2. The index λ = {p, h} represents quasi-
particle (p) or quasihole (h) contributions. The functions
within the sum are

αpλ
j (k+,k−) =

tanh [Ej(k+)/2T ]± tanh [Ej(k−)/2T ]

Ej(k+)± Ej(k−)
,

with the + (−) sign being for λ = p (λ = h), and

βpλ
j (k+,k−) =

1

4

[
1± ξj(k+)ξj(k−)

Ej(k+)Ej(k−)

]

Fig. 5: The coherence length parameter 1/kF ξ2c (solid red
lines) at fixed 1/kF as1 = −1.5 as 1/kFas2 changes from
−4.0 to 3.5 for different values of (ε0/εF , J/εF ): (a) (0, 10

−3);
(b) (0.9, 10−3); (c) (0, 0); (d) (0.9, 0). Background colors are
as in fig. 3. In (a) and (c) the vertical solid red line is for
μ = ε0 = 0, while in (b) and (d) the vertical solid red (dot-
dahed blue) is for μ = ε0 = 0.9εF (μ = 0).

are the coherence factors. Setting |Δj0| → 0 at the ap-
propriate phase boundary leads to ξjc = ξj0|ηj − η∗j |−1/2

at T = 0, where ηj = 1/kF asj and η∗j = 1/kF a
∗
sj is

the critical interaction parameter. When corresponding
phase boundaries are crossed, ξjc diverges similarly to the
pair size ξj , signaling continuous phase transitions over all
phase boundaries in the 1/kF as1 vs. 1/kF as2 plane. This
is illustrated in panels (e) and (f) of fig. 4, where it is
shown that in the BEC regime (1/kF as2 → ∞), the pair
size kF ξ2 → 0, while the coherence length kF ξ2c → C �= 0.
We emphasize that the GL coherence length ξjc and the
pair size ξj have different physical meanings. The former is
a measure of the phase coherence length of the superfluid
and the latter is a measure of the size of Cooper pairs.
We describe next, the relation between ξjc and |Δj0|.

In fig. 5, we show the coherence length parameter 1/kF ξ2c
vs. |Δ20| along a straight line path in interaction param-
eter space with 1/kF as1 = −1.5 and 1/kF as2 changing
from −4.0 to 3.5 for fixed values of band offset ε0 and
Josephson coupling J . The parameters (ε0/εF , J/εF ) are:
(a) (0, 10−3); (b) (0.9, 10−3); (c) (0, 0); and (d) (0.9, 0).
Panels (a) and (b) represent crossovers, while panels (c)
and (d) represent QPTs. Notice that in (a) and (b) the co-
herence length ξ2c never diverges, so 1/kF ξ2c is never zero,
because there are only crossovers. A similar behavior for
ξ1c vs. |Δ10| also occurs (not shown). However, in (c) and
(d) ξ2c diverges (1/kF ξ2c = 0) at the S1/(S1+S2) bound-
ary, where |Δ20| = 0. A divergence in ξ1c (1/kF ξ1c = 0),
not shown, also occurs at the (S1 + S2)/S2 boundary,
where |Δ10| = 0. In all panels, 1/kF ξ2c is linear in
|Δ20|/εF for |Δ20|/εF � 1, reflecting the BCS relation
kF ξ2c ∝ εF /|Δ20|. Notice also that 1/kF ξ2c exhibits a
maximum in all panels, that is, kF ξ2c has a minimum,
which is located at μ = ε0 = 0 (vertical solid red line) in
(a) and (c), and located at μ = 0 (vertical dot-dashed blue
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line) in (b) and (d). The maxima, where 1/kF ξ2c ∼ O(1),
occurs effectively for μ = ε0 when falls below the bottom
of band 2, and the gap in the quasiparticle excitation spec-
trum changes qualitatively from indirect to direct. This
observation generalizes and clarifies the special role that
1/kF ξjc plays not only in the BCS-BEC crossovers, like in
the one-band case [11,47–49], but also in QPTs.

Thermodynamic signatures. – Next, we discuss the
ground-state (zero-temperature) dimensionless compress-
ibility α̃ = ∂N/∂μ̃|T,V , which is directly related to the
dimension-full compressibility κ = ∂n/∂μ|T,V /n

2, where
n = N/V is the total density and V is the volume. No-
tice that α̃ = α̃1 + α̃2, where α̃j = ∂Nj/∂μ̃|T,V is the
compressibility of the j-th band.

In fig. 6, we show α̃/N vs. 1/kF as2 ∈ (−3, 3) with
1/kF as1 = −1.5 for fixed values of band offset ε0 and
Josephson coupling J . The dotted black curve is the to-
tal α̃/N , the dot-dashed blue curve is the contribution
α̃1/N from band 1, the solid red curve is the contribu-
tion α̃2/N from band 2. The parameters (ε0/εF , J/εF )
are: (a) (0, 10−3); (b) (0.9, 10−3); (c) (0, 0); and
(d) (0.9, 0). Panels (a) and (b) represent crossovers, while
panels (c) and (d) represent QPTs. Notice that in (a)
and (b) the only interesting feature in the compressibil-
ity is the minimum that occurs near the crossover line
between regions I) and II) in (a) and between regions
II) and III) in (b), where the number of particles N1 in
band 1 gets nearly depleted by the strong interactions in
band 2. It is important to mention that N1 does not
vanish at finite 1/kF as2 because J/εF = 10−3 �= 0, but
it does vanish at asymptotically large 1/kF as2 , that is,
when 1/kF as2 → ∞. The minimum in panels (c) and
(d), where J = 0, develops a cusp because N1 vanishes
at μ = 0, being completely depleted by the strong inter-
actions in band 2. As a result, the compressibility α̃1 is
strictly zero at that point and beyond. This is a trivial
case, where there are no normal fermions in band 1, and
is not related to any QPTs where superfluid phases dis-
appear. Panels (c) and (d) show that the compressibility
α̃/N has small discontinuities at the phase boundaries. In
(c), α̃1/N has a discontinuity at the (S1 + S2)/S2 bound-
ary, where |Δ10| vanishes, as seen in the inset. In (d),
discontinuities occur in α̃1/N at the (S1 + S2)/S2 bound-
ary, where |Δ10| = 0 and in α̃2/N at the S1/(S1 + S2)
boundary, where |Δ20| = 0, as shown in the insets. The
small discontinuities show an increase of the compressibil-
ity as a new superfluid phase is entered. The analytical
expression for the jump Δα̃j/N = α̃j/N |sup− α̃j/N |nor at
the critical points μ = μc is

Δα̃j

N
= Sjc −

3

2
μ̃
1/2
jc , (4)

where μ̃1c = μ̃c = μc/εF and μ̃2c = μ̃c − ε̃0 with
ε̃0 = ε0/εF . The contribution from the supercon-
ducting side is Sjc = LjcMjc, where the first term is

Ljc = (1/2N)
∑

k |Γj(k)|2
{
sgn

[
ξ̃jc(k)

]
/|ξ̃jc(k)|2

}
, and

Fig. 6: Dimensionless compressibility α̃ = ∂N/∂μ̃|T,V (dotted
black line) vs. 1/kF as2 for fixed 1/kF as1 = −1.5 and different
values of (ε0/εF , J/εF ): (a) (0, 10

−3); (b) (0.9, 10−3); (c) (0, 0);
(d) (0.9, 0). The dot-dashed blue curves show the contribution
α̃1 of band 1, and the solid red curves show the contibution α̃2

of band 2. Background colors are as in fig. 3. In (a) and (c)
the vertical solid red line is for μ = ε0 = 0, while in (b) and (d)
the vertical solid red (dot-dahed blue) is for μ = ε0 = 0.9εF
(μ = 0).

the second is

Mjc =

∑
k |Γj(k)|2sgn

[
ξ̃jc(k)

]
/2|ξ̃jc(k)|2∑

k |Γj(k)|4/4|ξ̃jc(k)|3
,

with ξ̃jc(k) = ε̃j(k) − μ̃c. Discontinuities in insets of
fig. 6(c), (d) are small, but get bigger as phase bound-
aries are crossed for larger values of 1/kF as1 .

Conclusions. – We showed that, during the evolu-
tion from BCS to BEC superfluidity, elusive quantum
phase transitions (QPTs) occur by tuning s-wave inter-
actions and band offset in two-band superfluids. This is
in sharp contrast with single-band s-wave systems where
only a crossover is possible. Our results may bypass long-
standing experimental difficulties in the search of QPTs
for ultracold fermions with one-band, where at least p-
wave pairing is required, but unfortunately p-wave Cooper
pairs are currently short-lived. In addition to QPTs, we
have also established three spectroscopically distinct su-
perfluid regions —I) BCS-BCS, II) BCS-BEC, and III)
BEC-BEC— possessing crossovers between them, where
pair sizes from each band can be dramatically different.
We analyzed pair sizes and coherence lengths, within the
Ginzburg-Landau theory, and showed that they diverge at
the appropriate phase boundaries. We also characterized
the QPTs thermodynamically, by demonstrating the ex-
istence of discontinuities in the compressibility as phase
boundaries are crossed. Lastly, our results may motivate
the experimental search for multiband superfluidity and
QPTs in ultracold such as 6Li, 40K, 87Sr, and 173Yb.
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I. and Fölling S., Phys. Rev. Lett., 115 (2015) 265302.
[41] Pagano G., Mancini M., Cappellini G., Livi L., Sias

C., Catani J., Inguscio M. and Fallani L., Phys. Rev.
Lett., 115 (2015) 265301.

[42] Yerin Y., Tajima H., Pieri P. and Perali A., Phys.
Rev. B, 100 (2019) 104528.
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