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Abstract — Entangling gates are important for the generation of entanglement in quantum com-
municational and computational tasks. In this work, we propose an efficient protocol to realize
the multi-qubit entangling gates with high fidelity in Rydberg atoms. Particularly, we apply the
technique of soft quantum control to design the off-resonant pulses such that the atoms are driven
to the ground-state subspace via unconventional Rydberg pumping. Thus, our scheme is insen-
sitive to the decay effect as all atoms are only virtually excited. Moreover, Gaussian temporal
modulation is further adopted to improve its robustness against the model uncertainty, such as
operating time and environment noise. Finally, we perform numerical simulation to validate the
effectiveness of our scheme. Hence, our work has potential applications in quantum information

processing based on Rydberg atoms.

Copyright © 2022 EPLA

Introduction. — Entanglement, as a fundamental fea-
ture of quantum mechanics, plays an important role in
quantum information processing (QIP), such as quantum
cryptography [1,2], dense coding [3,4], teleportation [5,6],
distributed quantum computation [7,8], quantum secret
sharing [9,10] and so on [11-15]. Especially, for quan-
tum networks, preparing entangling gates with high effi-
ciency and fidelity are urged by the rapid development of
quantum technology [16-19]. Although entangling gates
are usually realized by implementing a series of single-
and two-qubit gates [20], this typically consumes expo-
nential resources as the number of qubits goes large [21].
For example, the implementation of three-qubit Toffoli
gate requires five two-qubit gates at least and an extra
set of single-qubit gates [22]. Besides, error will accumu-
late in the whole process, thus hindering the realization of
multiple-qubit entangling gates with high fidelity. Thus,
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preparing multiple-qubit entangled gate by one step is
highly demanding. Correspondingly, many methods have
been proposed for the preparation of multiple-qubit states
in various physical platforms, such as superconducting cir-
cuits [23,24], circuit QED [25], trapped ion [26], neutral
atom [27-31], and so on [32].

Rydberg atoms, with a valence electron excited to high-
lying Rydberg state [33], have been regarded as one of
the most competitive candidates for quantum computa-
tion and simulation due to their long coherence time and
strong Rydberg-Rydberg interaction (RRI) [34]. Specif-
ically, the dipole-dipole interaction, together with van
der Waals interaction, lead to an interesting phenomenon
known as the Rydberg blockade [35-37] that if a Rydberg
atom is excited to the Rydberg state, then the excitation of
other atoms in the same volume will be suppressed. Based
on this phenomenon, many schemes have been proposed
to realize quantum logic gates [38-51], quantum entan-
glement [27,39,50,52-60], and QIP [61-63]. Furthermore,
the Rydberg antiblockade regime has also been explored
where more than one Rydberg atom can be be excited
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simultaneously [64], with experimental demonstration re-
ported in [65] and wide applications in realizing quantum
logic gates [28,66-68], and so on [69]. However, both the
Rydberg blockade and Rydberg antiblockade depend on
whether an atom is in Rydberg state.

To avoid the above issue, the technique of unconven-
tional Rydberg pumping (URP) could be used to freeze
the evolution of system if two atoms are in the same
ground state [70]. Besides, Haase et al. [71] proposed
the technique of soft quantum control, which allows to
perform an efficient rotating-wave approximation (RWA)
in a wide parameter regime. The soft quantum control
has been used in state preparation [72], construction of
quantum gates [73], quantum sensing [74,75], and so on.
Here, we use this technique to suppress the unwanted high-
frequency oscillations and parameter uncertainty during
the preparation process, thus improving the gate fidelity.

In this work, we present an efficient method to directly
realize three-qubit entangling gates in Rydberg atoms.
In particular, we employ the off-resonant driving strat-
egy [76], which is able to eliminate the Stark shift to fit
the effective Hamiltonian and full Hamiltonian very well.
Finally, by modeling the noise in the form of the Lindblad
master equations, we investigate the gate performance of
our scheme in terms of the state fidelity and the average
fidelity based on the trace-preserving quantum operator,
respectively. It is found that our method achieves the gate
fidelity up to above 99.6% at least.

The paper is organized as follow. In section “Physical
model and effective Hamiltonian”, the effective Hamilto-
nian for the interacting Rydberg atoms is first derived, and
the corresponding three-qubit entangling gates are gener-
ated based on this Hamiltonian. Then, the performance of
the multiple-qubit entangling gate is analyzed in section
“Analysis of the gate fidelity”. In order to improve the
gate fidelity, we apply the soft quantum control technique
to fight against noise induced by decay and dephasing in
the form of the master equation in section “Gate fidelity
with soft quantum control”. Finally, we conclude with our
work in section “Conclusion”.

Physical model and effective Hamiltonian. — We
choose 87 Rb atoms as the physical platform where two
ground energy levels are |0) = |55, /3, ' = 1,mp = 0) and
|1) = [5S1/2, F = 2,mp = 0) respectively, and the Ryd-
berg state is denoted by |r) = [100S} /5, m; = 1/2). In-
deed, the excitation of an even-parity Rydberg state with
the principal quantum number around 100has been ob-
served in refs. [77-79]. As illustrated in fig. 1, we consider
the scenario where the left atom, labelled as atom 1, is
the control atom and the rest labelled as atom 2 and 3
in the right side are the target. Specifically, the Rydberg
state of atom 1 is coupled to its ground state |0) by classi-
cal lasers with Rabi frequency g, with detuning A. The
other laser with same Rabi frequency €2y and the detuning
A with opposite sign is introduced to eliminate the Shark
shift, and atom 2 and atom 3 are driven by classical lasers
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Fig. 1: The energy level configuration of control atom 1, target
atom 2 and target atom 3. |0) and |1) are ground states, and
|r) is the Rydberg state. Atom 1 is the control atom, driven
by two lasers with Rabi frequency €20, detuned by A and —A.
Atom 2 and atom 3 are target atoms that driven by lasers with
Rabi frequency €21, detuned by —d.

with Rabi frequency €27 and detuning §. By the way, the
optical tweezers which are used to trap the Rydberg atoms
have to be switched off during operation to prevent Ryd-
berg atoms from being influenced by other lights [80,81].

In the interaction picture, the Hamiltonian of this sys-
tem can be written as (h = 1)

3
H; = 2Qq cos(At)|0)1(r] + Z 010, (r]e® 4+ H.c.
n=2
—I—Zij|rr)jk (rr|.

#k

(1)

Here, Vi, = Cs/ RS describes the van der Waals interaction
between the j-th atom and the k-th atom where R is the
distance between Rydberg atoms and Cs depends on the
quantum numbers of the Rydberg state, such as Cg/2m =
56.2 THz -um® for 87 Rb [42,82,83]. And the parameters
can be chosen as § = 2w x 1 MHz, Vi5 = Vi3 = 27 X
101 MHz, Va3 = 27 x 101/8 MHz, A = 27 x 100 MHz
Qp = 27 x 2MHz and Q; = 27 x 0.05 MHz [84].

Further, we apply the rotating frame with respect to
U = exp(—it ) ;4 Vik|rr)r(rr|) to the above Hamilto-
nian as per eq. (1) and can obtain

H; =iU'U+UYH,U
10){0] ® Ho + [1)(1| ® Hy

+(|0)(r| ® H, + H.c),

Q

(2)

where |0), |1), |r) are states of the control atom and the
corresponding Hamiltonian Hy, Hy, H, are for atoms 2 and
3. Obviously, the whole Hamiltonian is decomposed into
three parts, conditioned on the state of the control atom.
Particularly, if the control atom is |0), then we have

Hy = ©41(]00)(r0| + |00)(0r| 4 |01)(r1| 4 |10)(1r|) + H.c.
=6(|r0)(r0] + |r1)(r1] + |07)(Or| + |17){1r]),  (3)
and the Hamiltonian H, can be explicitly written as

H, = Qo(|0r)(0r| + [70)(rO| + |17) (17| + |r1)(r1]), (4)
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where the RWA is used to eliminate the high-frequency
oscillating terms and Vis = Vi3 = A + 6. Inspired
by ref. [70], which is different from Rydberg blockade
or Rydberg antiblockade, URP is closely related to the
ground states of atoms by adjusting the relationship be-
tween the detuning and the Rabi frequency. Here, we
set {Qo,d} > O, then the evolution will be trapped in
the single-excited states {|007), |0r0), [01r), |0r1)} and
double-excited states {|r0r), |rr0), |rlr), |rrl)}, and the
eigenenergies of the dressed states are much larger than
the transition between ground states and single-excited
states so that the evolution will be frozen if the control
atom is in state |0).
When the control atom is |1), there is

Hy, = Q41(]00)(r0| + 00)(0r| + |01){r1| + [10){1r]|)
+ H.c. — §(|r0)(x0| + |r1)(r1| + |Or)(Or|
+ [1r)(1r]). ()
Furthermore, given § > €, by using the J-J method [85],
we can obtain the effective Hamiltonian from H; under
the second-order perturbation theory,

L

Heff-?

(2/00)(00] + [01)(01| + |10)(10]). (6)
It follows from eq. (2) that if the URP condition is sat-
isfied, we can see that there is no excitation of atoms, so
the error caused by spontaneous emission can be ignored.

Hence, the evolution is governed by
U(t) = e itH

=10)(0] © I + |1)(1] & U1, (7)

2
.2Q
—let
’

where 1 is the identity operator and Uy = diagle

2 2

e 5t e~ 5% 1] in the basis {|00)23 = (1,0,0,0)T, |01)23
= (07 1,0, 0)T7 |10>23 = (Oa 0,1, O)Tﬂ |11>23 = (0; 0,0, 1)T}
This immediately gives rise to a class of three-qubit en-
tangling gates which are able to generate entanglement.
We remark that the above proposal only requires tuning
laser frequencies properly and need not implement a set
of single- and two-qubit gates sequentially. Thus, it may
provide an efficient approach to realize multi-qubit entan-
gling gates.

Analysis of the gate fidelity. — In this section, we
introduce two quantifiers to evaluate the gate performance
of the method proposed in the above section. One is the
state fidelity between the prepared states and targeted
states, and the other is the average fidelity based on the
trace-preserving quantum operator (TPQO) [86]. More-
over, the noise effect is modelled as the Lindbladian mas-
ter equation, and then we analyze the noise robustness for
the entangling gates generated via eq. (7).

Gate fidelity without soft quantum control. ~ The three-
atom system is initially prepared into the state |¥(0)) =

1/v2(|0)1 +11)1) ® 1/v2(|0)2 + [1)2) @ 1/v2(|0)3 + [1)3).

1
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Fig. 2: The fidelity F ((a), (c)) and average fidelity F ((b),
(d)) of the multiple-qubit entangling gate, where the black
square (blue circle) and purple (black) solid line denote the
fidelity based on the full Hamiltonian (eq. (1)) and the ef-
fective Hamiltonian (eq. (6)), the corresponding final state
of (a), (b) is |¥(71)), and the corresponding final state of
(c), (d) is |¥(72)), where Qo = 26, Q1 = 0.056, A = 1006,
Viz = Vi3 = 8Vas = 1014.

After time 71(72) chosen as 71 = 7/ (12 = 7/20) with
0 =02/6(Q2 = Q2/5), eq. (7) leads to

U(r) = diag[1,1,1,1,1,—1,-1,1],
0(7—2) = diag[la]-a]-a]-a*]-a*ia*ial]' (8)
Hence, genuine entangled states are prepared as
[T (1)) = 1/v/8(]000)+]010)+|001)+|011)+]100) —|101) —
[110)+]111)) (| ¥ (72)) = 1/+/8(]000)+]010)+|001)+|011)—
[100) —¢|101) — 4|110) + |111))) (the entanglement details
of [¥(71))(|¥(72))) are given in the appendix). Thus, the
gate performance is evaluated via the state fidelity [87]

E = (U(7)|p(0)[¥ (7)), (9)

where p(t) is the evolution density matrix. On the other
hand, we introduce average fidelity based on the trace-
preserving quantum operator (TPQO) [86] defined as

F(e,0) = | > (00 0e(0;)) + d*| /d*(d + 1), (10)

where O; is the tensor of Pauli matrices
IIIIIX,...,ZZZ; O is the perfect entangling gate,
d = 8 for a three-atom quantum logic gate and e is the
trace-preserving quantum operation achieved through our
scheme.

We plot the time evolutions of fidelity F' and average
fidelity F by solving the Schrédinger equation in fig. 2(a)
and fig. 2(b), where the fidelity F' and average fidelity F
of 99.77% (99.64%) and 99.8% (99.7%) of the full Hamil-
tonian equation (1) can be achieved for U(r) (U(m)),
respectively, and the effective Hamiltonian fits the full
Hamiltonian very well.

Gate fidelity with soft quantum control. — From fig. 2,
we can see that there are obvious oscillations when we
achieve this multiple-qubit entangling gate. These oscil-
lations caused by the imperfection of parameter selection
make the scheme sensitive to the operation time errors,
i.e., the standard method achieves high fidelity only for
discrete values of time. Haase et al. [71] proposed the
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a0 1200 0 200 400 600 800 1000

Fig. 3: The population of |000), |001), |010), |011), |100), |101),
[110), and |111), its evolution operator is U(71), and the same
is true for U(72). The Rabi frequency of (a), (b) is driven by
the standard method, and (c) is driven by the soft quantum
control, where parameters are the same as fig. 2.

technique of soft quantum control, which allows to per-
form an efficient rotating-wave approximation (RWA) in a
wide parameter regime. In soft quantum control, the Rabi
frequency is small at the beginning and at the end of quan-
tum evolution, unwanted transitions would be eliminated
with greater fidelity.

Here, we introduce the soft quantum control technique,
in which the form of Rabi frequency can be chosen in
a time-dependent Gaussian form that satisfies the con-
dition of soft quantum control, which is small at the
beginning and at the end of quantum evolution. First,
time-independent €2; can be changed into time-dependent
Gaussian form Q4 (t) = Q, exp[—(t — 271)2/T?] () (t) =
Q. exp|[—(t—2T3)?/T3]), we use Q) (t) to express the Rabi
frequency applied on target atoms when U(rz) is real-
ized, where Q,, and T;2 are the maximum amplitude
and width of the Gaussian pulse, respectively. Second,
according to the invariable pulse area [/ (Q}/6)dt =
)y (Q%/6)dt = 7/2), the evolution time is determined
as Ty = 11 /4 = 26m/\/21Q2, (Ty = 72 /4 = 67/\/27Q2,).
Then, we can plot the population of evolution states, fi-
delity and average fidelity in fig. 3, fig. 4(a), and fig. 4(b),
respectively, both fidelity and average fidelity can exceed
99.8% for U(r1). And for U(ry), the fidelity F' and the av-
erage fidelity F can achieve 99.9% and 99.93%, separately.

Moreover, we also plot the fidelity solved by the Lind-
blad master equation

3

> Lalowl +5 3 Lolv]

m=1 n=1

p=—ilHy,p) + (11)

NSRS

against decay (spontaneous emission of atoms) and de-
phasing in fig. 5 with time-independent € in fig. 5(a) and
time-dependent Q4 (¢) in fig. 5(b), where L[.A] are the Lind-

blad operators as L[A] = 2Ap(t)AT — ATAp(t) — p(t) AT A
and

o1 = [Di(r], o2 =[0)1(r|, o5 = [L)2(r],

oy = |0)2(r], o5 = [1)3(r|, o6 = |0)3(r],

v1 = [r)a(r] —[0)1(0] — 1)1 (1],

va = [r)a(r] —0)2(0] — |1)2(1],

vg = |r)s(r] — [0)3(0] — [1)3(1], (12)

K is the decay rate of atoms caused by atomic decay and
I" is the dephasing rate of atoms.

@' 3 I
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Fig. 4: The fidelity F' ((a), (c)) and average fidelity F ((b),
(d)) of the phase gate, where the purple (red) triangle and the
blue (black) solid line denote the fidelity based on the effective
Hamiltonian (eq. (6)) and the full Hamiltonian (eq. (1)), where
Q= 0.1 and the other parameters are the same as fig. 2.
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Fig. 5: Fidelity F' wvs. the spontaneous emission rate x and
the dephasing rate I' of U(71) without soft quantum control
(a) and with soft quantum control (b), and U(72) without soft
quantum control (c¢) and with soft quantum control (d), where
parameters are the same as fig. 4.
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From fig. 5, we can find the fidelity influenced by the de-
cay slightly, when the decay rate x/Q = 6 the fidelity can
exceed 0.95 both without soft quantum control in fig. 5(a)
and with soft quantum control in fig. 5(b) for U(rm), for
U(12), the fidelity can exceed 0.9 even if the spontaneous
emission rate x and the dephasing rate I' are both high in
figs. 5(c) and (d). Obviously, our proposal is insensitive to
spontaneous emission due to virtual excitation. In addi-
tion, we can see that after applying soft quantum control,
the robustness of this multiple-qubit entangled gate can
be improved greatly.

In the experiment, the lifetime of the Rydberg state we
select can reach ~ 1ms [88]. The fidelity can achieve the
maximum value within 99.77% (99.64%) even in the stan-
dard method without soft quantum control with €, =
27 x 0.1 MHz. After applying soft quantum control, the
fidelity of 99.9% (99.93%) can be achieved within 1 ms.
As for the van der Walls interaction, the distance between
control atom and target atoms is 9.0773 pm, and the dis-
tance of two target atoms is 12.8258 ym.

Conclusion. — We have proposed a method to realize
multiple-qubit entangling gates based on URP by using
off-resonant driving fields, which is insensitive to sponta-
neous emission because of the virtual excitation. Further-
more, Gaussian temporal modulation has been adopted to
reduce the unwanted transitions, making it more robust
to operation time errors. From numerical results, we find
that our method based on soft quantum control achieves
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extremely high fidelity to generate the entangling gate
under achievable experimental parameters for which the fi-
delity is more stable and higher than the standard method.
We believe that our scheme has great potential in realizing
Rydberg quantum gates.
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APPENDIX

Here, we will introduce the classification of three-qubit
states. It has been shown that there are only two kinds of
genuine entangled three-qubit states: GHZ class and W
class states. Here we prove that the prepared states based
on eq. (8) belong to the GHZ class by using the criterion
obtained in [89,90].

First, any pure three-qubit state can be expressed as

) = ao|000) + a1]001) + a2]010) + a3]011)

+a4|100) 4+ a5|101) + a6|110) + a7|111),
(A1)

with Y, |a;|> = 1. Then, the state belongs to the GHZ
class state if and only if it can be converted into the stan-
dard GHZ state \/ii(|000 + |111)) under proper stochas-
tic local operation and classical communication (SLOCC).

Mathematically, one sufficient and necessary condition for
|¥) being a GHZ-class state is [90]

2
(apar — azas + a1a6 — azaa)

—4(asaq — apag)(asas — aray) # 0. (A.2)
Obviously, |U(m1))(|¥(2))) satisfies this condition. So,
[ (71))(|T(72))) is equivalent to GHZ state under SLOCC.
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