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Abstract – In a real traffic environment, there is always a certain deviation between the real
traffic information and the expected traffic information, which definitely has an important impact
on traffic flow. Consequently, the optimal velocity deviation effect (OVDE) is taken into account
to build a novel lattice model on two lanes. Moreover, the influence of OVDE on the linear
stable condition is investigated, which shows that the OVDE plays a positive stable effect in two-
lane traffic flow. Also, the OVDE can relieve more traffic congestion on two lanes via numerical
simulations concerning the density and the hysteresis loop.

Copyright c© 2023 EPLA

Introduction. – Recently, people have paid more and
more attention to the traffic condition of urban roads. In
order to simulate the evolution process of traffic, mathe-
matical modeling is important to investigate traffic flow.
Therefore, some researchers have proposed their own traf-
fic flow models [1–11]. Also, Zeng et al. [12,13] and Ma
et al. [14,15] executed traffic modeling based on traffic pre-
dicting. Moreover, Nagatani [16,17] provided the lattice
model on single lane which has attracted the attention
of some scholars [18–46]. To investigate lane changing
behaviors, Nagatani [47] further built a lattice model of
two-lane traffic with lane changing rate. Also, different
traffic factors [48–59] have been studied to develop two-
lane lattice models. In real traffic, the optimal velocity
reflects the driver’s expectation of traffic behaviors, which
will obviously have an important impact on lane changing
behavior in two-lane system. However, there is always a
certain deviation between the driver’s optimal speed and
the steady optimal speed, which has not been investigated
in previous two-lane lattice models. Therefore, the opti-
mal velocity deviation effect (OVDE) will be considered to
establish a new lattice model for two lanes. Moreover, the
stability condition involving the OVDE will be deduced
for two lanes. Also, numerical simulations will reveal the
OVDE impact on lane changing behaviors in a two-lane
system according to the density evolution and hysteresis
loop.

(a)E-mail: joyjc@foxmail.com (corresponding author)
(b)E-mail: guanghanpeng@163.com (corresponding author)

Modeling. – Lane changing behaviors can be seen in
a two-lane system as shown in fig. 1 [47]. When ρ2,j−1 >
ρ1,j , there occurs an influx rate as γ|ρ2

0V
′(ρ0)|(ρ2,j−1 −

ρ1−j)) and when ρ1,j > ρ2,j+1, there exists an outflow rate
as γ|ρ2

0V
′(ρ0)|(ρ1,j − ρ2,j+1)) at site-j on lane 1, where

γ, ρ0, and ρ1,j signify the rate constant coefficient, the
average density and the local density at site j on lane i,
respectively. Accordingly, the continuity equations were
expressed as follows [47]:

∂tρ1,j + ρ0(ρ1,jv1,j − ρ1,j−1v1,j−1) =

γ
∣∣ρ2

0V
′∣∣ (ρ2,j+1 − 2ρ1,j + ρ2,j−1), (1)

∂tρ2,j + ρ0(ρ2,jv2,j − ρ2,j−1v2,j−1) =

γ
∣∣ρ2

0V
′∣∣ (ρ1,j+1 − 2ρ2,j + ρ1,j−1), (2)

where vi,j expresses the local velocity at site j on lane i.
Combine eqs. (1) and (2) to infer

∂tρj + ρ0 (ρjvj − ρj−1vj−1) =

γ
∣∣ρ2

0V
′ (ρ0)

∣∣ (ρj+1 − 2ρj + ρj−1) , (3)

where ρj = (ρ1,j+ρ2,j)/2 and ρjvj = (ρ1,jv1,j+ρ2,jv2,j)/2,

V ′ = dV (ρ)
dt

∣∣∣
ρ0

. V (ρ) means the optimal velocity [47]:

V (ρ) =
vmax

2

[
tanh

(
2
ρ0

− ρ

ρ2
0

− 1
ρc

)
+ tanh

(
1
ρc

)]
.

(4)
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Fig. 1: The schematic for a two-lane highway.

Here ρc is the safety density. In addition, Nagatani [47]
adopted the following flux evolution:

∂t (ρjvj) = a [ρ0V (ρj+1) − ρjvj ] , (5)

where a = 1/τ is the driver’s sensitivity. Also, based on
Nagatani’s model, some traffic factors were taken into ac-
count to build two-lane lattice models [48–59]. However,
the OVDE has not been involved in previous two-lane lat-
tice models. Consequently, a new OVDE model is de-
scribed as

∂t (ρjvj) = a {ρ0 [V(ρj+1) + λ (V (ρ0) − (ρj+1))] − ρjvj} ,
(6)

where λ(V (ρ0) − V (ρj+1)) means the OVDE and λ corre-
sponds to the response coefficient. Obviously, when λ = 0
(no OVDE), eq. (6) conforms to Nagatani’s two-lane lat-
tice model. Then, integrating eqs. (3) and (6), we get

ρj (t + 2τ) − ρj (t + τ) + (1 − λ) τρ2
0 [V (ρj+1) − V (ρj)]

−τγ
∣∣ρ2

0V
′∣∣ [ρj+1 (t + τ) − 2ρj (t + τ) + ρj−1 (t + τ)] = 0

(7)

Linear stability analysis. – The density is perturbed
by a small deviation yj : ρj(t) = ρ0 + yj(t). Then, eq. (7)
can be transformed into the small deviation yj via linear
series expansion as follows:

yj (t + 2τ) − yj (t + τ) + (1 − λ) τρ2
0V

′ (yj+1 − yj)

−τγ
∣∣ρ2

0V
′∣∣ [yj+1 (t + τ) − 2yj (t + τ) + yj−1 (t + τ)] = 0

(8)

Moreover, assume yj = A exp(ikj + zt) to get

e2zτ − ezτ + (1 − λ) τρ2
0V

′ (eik − 1
)

−τγ
∣∣ρ2

0V
′∣∣ (

eik+zτ − 2ezτ + e−ik+zτ
)

= 0 (9)

Replace z = z1(ik) + z2(ik)2 + · · · . Therefore, we attain
the following coefficients for z1 and z2:

z1 = (−1 + λ)ρ2
0V

′, (10)

z2 =
1
2
[1 + 2γ − λ + (−1 + λ)23ρ2

0V
′τ ]ρ2

0V
′. (11)

Therefore, if z2 < 0, the traffic flow becomes unstable. On
the contrary, if z2 > 0, the traffic flow remains stable. It

Fig. 2: Phase diagram at γ = 0.05.

Fig. 3: The density for all cells at t = 10300 time step.

means that the OVDE model keeps stable in a two-lane
system if

τ < − 1 + 2γ − λ

(−1 + λ)2 3ρ2
0V

′
. (12)

Accordingly, the neutral stability condition can be inferred
as follows:

τ = − 1 + 2γ − λ

(−1 + λ)2 3ρ2
0V

′
. (13)

Figure 2 shows the stable scope according to the neutral
stability curve described by eq. (13). where vm = 2 and
γ = 0.05. It is clear that the stable area expands with
the growth of λ-value in the two-lane system from fig. 2,
which demonstrates that the OVDE is beneficial to traffic
stability on two lanes.

Numerical simulation. – Simulation is an impor-
tant means to intuitively describe the traffic phenomenon.
Then we set the initial density as

⎧⎪⎨
⎪⎩

ρj (0) = ρj (1) = ρ0 + 0.05, j = 50,

ρj (0) = ρj (1) = ρ0 − 0.05, j = 51,

ρj (0) = ρj (1) = ρ0, other values,

(14)

where N = 100, ρ0 = 0.25, a = 2.32 and γ = 0.05. Also,
periodic boundary is taken into account for simulation.

The density profiles in fig. 3 can be seen for all cells
at time step 10300. Observed from fig. 3, the fluctuation
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Fig. 4: The density at site 25 early time steps.

Fig. 5: The hysteresis loop at site 25.

amplitude falls down with the increase of the λ-value on
the basis of density waves on two lanes. Especially, the
steady density appears at λ = 0.3 on two lanes. Moreover,
we observe the density evolution on site 25 at early time
steps as shown in fig. 4. With the increase of λ-value,
the density on site 25 tends to be stable rapidly in the
early stage in two-lane system. In brief, the OVDE can
maintain traffic stability well on two lanes.

Subsequently, the hysteresis loop concerning density
and flux is displayed for a two-lane freeway as shown in
fig. 5. The smaller the hysteresis loop area is, the smaller
the fluctuation range of density and flow is. It is found
that the hysteresis loop area is becoming smaller with the
growth of λ-value. Finally, when λ = 0.3, the hysteresis
loop condenses into one point even if lane change occurs.
In short, the OVDE model contributes to alleviating the
hysteresis performance.

Conclusion. – The OVDE may affect the driver’s ex-
pectation of running speed. Based on this situation, we
establish a new lattice model related to the OVDE for
a two-lane highway. The stability condition concerning
the OVDE proclaims that new consideration can ensure
the stability of traffic flow on two lanes. Also, numer-
ical simulation is implemented for the density evolution

and hysteresis loop. The results tell us our model is good
for improving traffic during the lane changing process on
two lanes. Although our model can improve the traffic
phenomena, there is a lack of calibration for some param-
eters. How to obtain the range of these parameters may
be an interesting subject to be investigated by applying
this model in the future.
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