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Exact Bianchi type-I solutions of the Einstein equations
with Dirac field

G. PrLATANIA and R. ROSANIA
Dipartimento di Scienze Fisiche - Mostra d’Oltremare, Pad. 19, 80125 Napoli, Italy

(received 24 September 1996; accepted 13 February 1997)

PACS. 04.20Jb — Exact solutions.
PACS. 98.80—k — Cosmology.

Abstract. — We present the solutions of the Einstein-Dirac equations in a Bianchi type-I
space-time with cosmological constant A. According to the value of a dimensionless parameter
@, three classes of solutions of the Einstein-Dirac equations exist. If @ < 1, these solutions
have two singularities ¢t1 and t2: as t — t1,t2 the metric tensor is of Kasner type, whereas, as
t — 400, it becomes isotropic and, because of A, has a stationary-type behaviour.

According to the Fridmann-Robertson-Walker (FRW) cosmological models, the Universe
is homogeneous and isotropic and has evolved from a singular state, always maintaining its
symmetries [1]. In such a way the FRW models do not investigate the causes of homogeneity
and isotropy. As a consequence, the question arises whether the Universe has always been like
the present one or has assumed the actual symmetries, evolving from a less symmetric initial
state. A way to solve the problem of the causes of isotropy is to represent the Universe by
means of an anisotropic and homogeneous cosmological model, which, at late times, acquires
the symmetries observed at the actual cosmological epoch, as the result of a dynamical process.
In effect, the Bianchi spaces contain in some particular cases the FRW models, and to these they
reduce themselves at late times: the FRW models with £ = 0, 1, —1 are contained, respectively,
in Bianchi spaces classified as Bianchi type-I, Bianchi type-IX and Bianchi type-V [2], [3].

In particular, in this paper, we consider a homogeneous and anisotropic cosmological model
of Bianchi type-I, in which the source of the gravitational field is an unquantized Dirac field.

Moreover, following Raychaudhuri [1], we assume that the cosmological constant A is not
ZEro G Priori.

The Lagrangian density of the gravitational field plus the Dirac field minimally coupled to
gravity (we use units such that 7 = ¢ = 1) is [4]

A _ _ _
Rlbj;é + %Z (Y Vo — (Vo) v + 2im1/)1/;)}, (1)

L:e(R+2A
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where e = /—g = det||B*,;||, R is the curvature scalar of a V; space-time, ||B®,| is the
(© Les Editions de Physique
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orthonormal vierbein field, such that
9ij = B*iB” jnag, (2)

[Mapll = diag(1, -1, —1,—1) is the Minkowski metric, g;; is the metric tensor, ¢ is the Dirac
field with mass m, ¥ = 14 is the Dirac adjoint of ¢, {y*} are the special-relativistic Dirac
matrices, satisfying the anticommutation rules

{77} = 2°7L, (3)
Vat = Aa 0 — £ Tarst” A1, Vol = 400 + STaog¥" 0, (@

are, respectively, the covariant derivatives of 1) and ¢ with ||44 || = || B* 4] ",
Tapo = Tafpo)] = (—MuoAa"Ap” + Nuadp ' Ag ) = 1,545 " Ao 9) 0 B j) (5)

is the connection of a V, space-time, valued on an orthonormal tetrad [5]. Varying the action
integral I = [ Ld*z, built up by the Lagrangian density (1), with respect to ¢ and B®;, and
equating such variations to zero , we get, respectively, the Dirac equation and the Einstein
equations with cosmological constant:

1Y Vatp —myp =0, (6)

1 — n
Rap — 57704372 — Anap = AnGi[—Yy V)Y + Viahys) Y], (6] (7)

where Rqp is the Ricci tensor with respect to I'wg, and A is assumed to be positive.
Now, we assume that the Universe is a Bianchi type-I space-time: its space-time separation
is
ds® = dt? — (a1)*(dz")? — (a2)*(dz?)® — (as)?(da?)?, (8)

where a1, a2, a3 depend on time ¢ only.
Since such space-time is spatially homogeneous, it is reasonable to suppose that ¥ does not
depend on spatial coordinates:

¥ =) (9)
Consistently with (2), we choose the only non-zero elements of || B%;|| as
B% =1, Bii=a;, i=1,23. (10)

The representation of Dirac matrices {y*} we choose is

0 __ A O b O O'b
Y= |:O T’ Y= —O’b o\’ (11)
0 0 10 . o
where O = 0 ol T= 0 1 and o° are the Pauli matrices (b =1,2,3).

In a Bianchi type-I space-time, according to (9) and (10), the Dirac equation becomes
Vi + 5 (Hy+ Ha + Hy)y — myy] =0, (12)

where ) = i—f, H, = % (Hubble functions), a; = %,i =1,2,3.
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Its solution is [7]

ble—imt
1 b e—imt
1/): 1 > imt (13)
(—g)* | Do
b4elmt

where y/—g has to be valued from the Einstein equations (see eq. (22)) and b; are integration
complex constants.

Now, after deriving t; and (¢;)* from the Dirac equation (12) and replacing them in the
Einstein equations, we obtain that the field equations G, — 87Gog, = 0,b = 1,2,3 are
identically satisfied and

28
Goo — Angg — 87Gogo =0: H1Hs + H1H3 + HoHy3 — A — — =0, 14
00 Tloo 00 1412 1413 2413 \/_—g ( )
Gpy — Anbb —8mGop, =0 HC + Hd + (H'c)2 + (Hd)2 +H.Hyg— A= 0, (15)
b,c,d=1,2,3, c¢,d#Db,
H, — H.
Gz = Ko = 05 2 (b1 = [af” + [ol® = [bsf*) = 0 (10
H _H * * * *
Gi3 —Ko13=0: 234721(()2(()1) + b4(b3) — bl(bQ) — bg(b4) ) =0, (17)
H _H * * * *
Gz — Koaz =0 34712(1)2(1)1) + ba(bz)* + b1 (ba)* + b3(bs)*) = 0, (18)
where
B = 4rGm(|bs|* + [ba|* — bs|* — [b2]*). (19)

If we require that Hy # Ho, Hy # Hs, Hy # Hs, then from egs. (16)-(18) we get the following
constraints on the b; constants:

b1 (b2)" +b3(ba)" = 0, [baf” — [bal” + [bs]” — [ba]* = 0. (20)
Now, by operating suitably on eq. (15), this can be put into the form
(yHy) —Ay—p=0, b=1,23, (21)
with y = /=g, such that
i —3Ay —36=0, (22)

obtained by means of eq. (21) and taking into account that
H1+H2+ngz. (23)

From eq. (21) it follows that

A
Hb:kb+/3t+ fydt, (24)
Y
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where ky, b = 1,2, 3, are three real integration constants and

y= \/—_g:aemt+be_‘/3_At— % (25)
is the general solution of (22) where, due to eqgs. (14)-(15),
B AR 4 ko® + ks®)
Substituting (24) and (25) in the identity (23) we get that
ki + ko + k3 =0. (27)

According to the value of the dimensionless parameter @, eq. (24) has three classes of solutions:
they correspond to @ > 1,9 = 1,9 < 1, respectively.

Now, if @ > 1, then A is inferiorly limited by a positive constant, so that for such solutions
it makes no sense to consider the limit A — 0.

Moreover, if ® =1, then A = 0 implies the constraint 3 = 0.

For these reasons the only solutions for which we can take the limit A — 0, without having
any unwanted constraint, are those corresponding to @ < 1: one has that

£ (1— @) sinh(z) + &4

Hy = , 28
’ V1 — & cosh(z) — 1 (28)
vV—g= %(\/1 — & cosh(z) — 1), (29)
where we have set x = v/3A(t + d), d being a real integration constant.
From eq. (28) we obtain
1 ez -z Db
ap(t) = apo|v'1 — @ cosh(z) — 1|° | (30)
— 22
where
1+Vo 1-vV®
zZ1 = 5 z9 = 5 (31)
V-9 1-9
k
Py = ’ , (32)
sign (8) y/$((k1)? + (k2)2 + (ks)?)
p1+p2+p3=0, (33)
a0, G20, a3p are integration real constants satisfying
ajpaz0030 = %sign (\/ 1-9 COSh(:E) — 1) (34)

It is easy to verify that, as A — 0, the solutions (31) reduce to the ones corresponding to
A =0 (in the absence of scalar field) as in paper [7], by assigning suitable values to k; and d.

Moreover, since /—g > 0 Vt, we conclude that

a)t €] —oo, ta[Ut:, +oo[if >0,
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b)tE]t2,t1[ifﬂ<0.

The metric tensor has two singularities (one, if k; = ko = k3 = 0):

f= —d 4+ — 1<1+@>,t2__d+L1n<i5>. (35)

V34 A\ Vi-e /34 A\ Viee

They are physical singularities because the curvature scalar
R = —2(H1 + Hz + Hg + (H1)2 + (H2)2 + (H3)2 + H{H, + HiH; + H2H3) (36)

diverges at t = t1, ts.

The singularity ¢ = ¢; is a zero of a1, as and as, if one has that, respectively, p; > —%, p2 >
—é,m +p2 < % (let us remember that p3 = —p1 — pa2).

On the other hand, ¢ = ¢; is an infinity of a;,as and as, if one has that, respectively,
p1 < —%, p2 < —%, p1+p2 > %: we notice that these conditions cannot be verified together, so
at t =t the three scale factor a; cannot diverge together.

Furthermore, the singularity ¢ = ¢5 is a zero of aj,as and ag, if one has that, respectively,
p < %7272 < %7271 +p2 > —%.

On the contrary, ¢ = t; is an infinity of aj,as and as, if one has that, respectively,
p1 > %, p2 > %, p1+p2 < —%: we notice again that, since these conditions cannot be verified
together, at t = to, a; cannot diverge together.

Moreover, at t = t1, a1,a2 and ag take over a finite non-zero value respectively if p; =
—%,pQ = —%,pl +p2 = %: we see that no more than two scale factors can have together a
finite non-zero value at t = t1, i.e. at least one of them will be singular at t = ¢;.

Similarly, at ¢ = t2, a1,a2 and a3 take over a finite non-zero value respectively if p; =
%,p2 = %,Ih +p2 = —%: once again we have that no more than two scale factors can have
together a finite non-zero value at t = to, i.e. at least one of them is singular at ¢ = to.

We see that if [p1 + p2| < 3, with |p1| < 3,|p2| < 3, in the interval ]¢5,¢; [ the Universe
expands from ¢t = t5 up to the instant ¢ = —d, at which the scale factors a; reach a maximum,
and then collapses up to t = t;.

In such a case, the Universe expands from ¢ = ¢; up to infinity in the interval |¢;, +oo [ and
contracts from ¢t = —oo up to t = ¢ in the interval | — oo, t2 .

From eq. (24) we see that, at t = t; and t = to, H?, H; H; and H; diverge as ﬁ, indeed,
in the field equations (14), (15) the cosmological constant A and the mass-energy term %
become negligible in a neighbourhood of the singularities and we have an empty universe whose

metric is of the Kasner type: as t — t1, developing e — z1, it turns out that

a; ~ |t — t1|qi, (37)

1

5 + pi are such that

where ¢; =
Gt+eta=1 (@) +(@)?+(@)?=1 (38)

similarly, as t — 5, developing e* — 2z, it turns out that

a; ~ |t — 19 Ti, (39)

where r; = § — p; are such that

r1+ry +r3 =1, (7"1)2 + (7"2)2 + (7"3)2 =1 (40)
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This strong initial anisotropy is increasingly damped as |t| > [t1], [t2| by the mass-energy of the
Dirac field and by A: finally, at infinity, the metric has an isotropic stationary-type behaviour

and we have an empty universe with constant Hubble functions: H; = %

Finally, if k& = ko = k3 = 0, one has & = 0 and we get the solution of Isham-Nelson with
cosmological constant in a spatially flat FRW universe [4], which, in turn, becomes the solution
of Davis-Ray [8] as 4 — 0.
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