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Abstract – The proximity effect in a bilayer consisting of a ferromagnet (FM) and an iron-pnictide
superconductor (SC) with antiphase s-wave pairing is first studied by extending Nambu spinor
Green’s function approach. Due to the opposite signs of the two pair potentials in the SC, the
order parameters in the FM and SC regions at the interface induced by the proximity effect are not
only noncontinuous but also antiphase and the barrier strength has a significant influence on the
peak and dip behaviors of the induced superconducting density of states (DOS) in the two regions.
Particularly, one conspicuously characteristic peak of the DOS at either gap energy in the SC app-
ears. These properties are much different from those without antiphase s-wave pairing for the SC,
which can be applied to experimentally identify the antiphase s-wave pairing in iron-based SCs.

Copyright c© EPLA, 2011

Introduction. – Very recently, multiband supercon-
ductivity has again attracted much attention, particularly
after the discovery of high-temperature superconductivity
in the family of intrinsically multiband iron-based mate-
rials [1–12]. As faced by all newly discovered supercon-
ductors (SCs) with unconventional behaviors, one of the
important issues for the iron-based SCs are their pairing
symmetries. Though much effort has been devoted to this
issue, the controversy remains [7], such many order para-
meter (OP) symmetries as s-wave and d -wave were put
forward. A leading contender is the so-called antiphase
s-wave or s±-pairing of multiband SC, in which the pair
potentials for the hole and electron bands are of the
isotropic s-wave state but they have opposite signs. It is
important to confirm the s±-paring in the iron-based SCs
by experiments.
On the other hand, the proximity effect in ferromagnet

(FM)/SC has been of long-standing research interest
and recently also attracted much attention [13–16]. The
proximity effect has two implications. One is the mutual
leakage of magnetic and superconducting properties near
the FM/SC interface, such as rapidly damped oscillation
of singlet superconductivity on the FM side and spin-
depedent gapless superconductivity on the SC side [14–16].
And the other is that the competition between two types

(a)E-mail: isyctao88@163.com

of mutually exclusive long-range orderings leads to a rich
variety of phenomena, for example, the appearance of spin-
triplet pairing states [13]. Andreev reflection (AR) plays
an important role in the SC/FM proximity effect [17,18].
An electron-like quasiparticle in FM with energy lower
than the superconducting energy gap cannot enter into
the SC and performs via AR. It is reflected at the
FM/SC interface as a hole. The constructive interference
of electron-like and hole-like quasiparticles causes Andreev
bound states in FM, which has a great impact on the
transfer of the polarized electron-like particles through
the junction. However, due to the spin splitting of the
energy band, the spin of the quasiparticle may be reversed,
and this means that the exchange energy is gained or
lost by a quasiparticle Andreev-reflected at the interface.
Probing the proximity effect, such as the density of states
(DOS) in the FM and SC, has proven itself as a highly
useful tool to access information about the symmetry of
superconducting OP [19–23]. So far, however, there has
been no reports on the ferromagnetic proximity effect in an
FM/iron-based SC junction. It is expected that the study
of the proximity effect will uncover some novel properties
and provide a powerful tool for probing and identifying
the s±-pairing in iron-based SCs.
In this work, by taking into account the interband

interference between the two bands in the iron-based SC
as also in other multiband systems, we first extend the
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Fig. 1: Schematic illustration of the FM/iron-based SC bilayer.

Nambu spinor Green’s function approach to studying the
ferromagnetic proximity in an FM/iron-based SC junction
with a ballistic Andreev contact. It is found that the
OPs in the FM and SC regions near the FM/SC interface
induced by the proximity effect are not only uncontinuous
but also antiphase. The peak and dip behaviors of the
induced superconducting DOS in the FM and SC are
determined by both the barrier strength and the mixing
coefficient of the two bands in the iron-based SC. More
importantly, there exists one conspicuously characteristic
peak of the induced superconducting DOS at either energy
on the SC side. These properties are much different from
those for the SC without antiphase s-wave or with s++-
pairing, which could be helpful in determining the paring
symmetry. The work is organized as follows. In the second
section, we give the model and theory. In the third section,
we make numerical calculations and give the discussions.
Finally, the summary is given in the last section.

Model and theory. – We consider a ballistic Andreev
ferromagnetic contact modeled by the x-direction with
an FM to the left of x= 0 and an s±-pairing SC to
the right as shown in fig. 1. The FM/SC interface at
x= 0 is described by a δ-type barrier potential U(x) =
U0δ(x) with U0 being dependent on the product of
the barrier and width. A subband model with spin-
splitting energy Γ is applied for the FM whose exchange
energy described by h(x) = h0Θ(−x), where Θ(x) is the
Heaviside step function and h0 is equal to Γ/2. The
iron-based SC has two superconducting gap energies ∆1,2
in both bands with corresponding Fermi wave vectors
p and q, and the relevant superconducting phases are
ϕ1,2. For the s±-pairing model with unequal s-wave gaps
of opposite sign, ϕ1−ϕ2 = π, while for the s++-pairing
model with the gaps of the same sign, ϕ1 =ϕ2. We
begin with the Bogoliubov-de Gennes (BdG) equation for
the quasiparticle spectrum [24]. In the absence of spin-
flip scattering, the spin-dependent (four-component) BdG
equation may be decoupled into two sets of two-component
equations: one is for the spin-σ electron-like and spin-σ
hole-like quasiparticle wave functions (uσ, vσ), the other
is (uσ, vσ), where σ is the spin index with ↑ or ↓ and σ is
the spin opposite to σ, for instance, the BdG equation for
(uσ, vσ) is given by

[
H0(x)−h(x) ∆(x)
∆∗(x) −H0(x)−h(x)

] [
uσ(x)
vσ(x)

]
=E

[
uσ(x)
vσ(x)

]
,

(1)

where H0(x) =−�2∇2x/2m+V (x)−EF with V (x) the
usual static potential, and the dispersions are assumed
to be parabolic as in refs. [20,22,23], and E the excitation
energy measured relative to Fermi energy EF can be posi-
tive or negative and is taken to be positive as in refs. [20,
22,23]. For the injection of a spin-σ electron from the left
FM, there are four possible trajectories: normal reflection
(bσ), Andreev reflection (aσ), and transmission to the right
FM as an eletron-like quasiparticle (cσ) and as a hole-like
quasiparticle (dσ). With the general solution of eq. (1),
the wave functions in the FM/SC junction are given by

ψ1(x) = [e
ikσ+x+ b1σe

−ikσ+x]
(
1
0

)
+ a1σ̄e

ikσ−x
(
0
1

)
(2)

for x� 0 and

ψ2(x) = c1σ

[
eip+x

(
u1
v1

)
+α0e

iq+x

(
u2
v2

)]
+

d1σ̄

[
e−iq−x

(
v1
u1

)
+α0e

−iq−x
(
v2
u2

)]
(3)

for x� 0, where kσ+(−) =
√
2m(EF +(−)E+ ησh0)/�

with ησ = 1 for σ= ↑ and ησ =−1 for σ= ↓, p± =√
2m(EF ±Ω1)/�, q± =

√
2m(EF ±Ω2)/� with Ω1(2) =√

E2−∆21(2), and the mixing coefficient α0 is defined
to describe the ratio of the probability amplitudes for
an electron crossing the interface from the left FM to
tunnel into the first and second bands in the SC [23]. In
eqs. (2), (3), all the transmission and reflection coefficients
are determined by usual matching conditions of the wave
functions at x= 0. The wave functions for the other three
types of quasiparticle injection processes can be obtained
in a similar way.
After obtaining all the wave functions, we can calculate

by a similar way the Nambu spinor Green’s functions
in the FM/SC structure, the retarded Green’s func-
tion Gσr (x, x,E) which is constructed from their linear
combination [25]. All the coefficients are determined
by the equations Gσr (x, x+0+, E) =G

σ
r (x, x− 0+, E),

∂Gσr (x, x
′, E)/∂x|x=x′+0+ − ∂Gσr (x, x′, E)/∂x|x=x′−0+ =

(2m/�2)τ̂3 with τ̂3 the Pauli matrix. After carrying out a
little tedious calculation, we get the Green’s functions as

see eq. (4) on the next page

in the FM and

see eq. (5) on the next page

in the SC. In these expressions,

a1σ =

2kσ+
(−v1β4+u1β3)e−iϕ1 +α0(−v2β4+u2β3)e−iϕ2

(β2β3−β1β4)β3 , (6)

b1σ =−1+2kσ+
(−u1β4+ v1β3)+α0(−u2β4+ v2β3)

(β2β3−β1β4)β3 , (7)
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Gσr (x, x,E) = −
im

�2kσ+
×
[
a1σe

i(k−σ −kσ+)x
(
0 0
1 0

)
+(1+ b1σe

−2ikσ+x)
(
1 0
0 0

)]

− im

�2kσ−

[
(1+ a2σe

2ikσ−x)

(
0 0
0 1

)
+ b2σe

i(kσ−−kσ+)x
(
0 1
0 0

)]
(4)

Gσr (x, x,E) = −a3σ
imE

�2

[
ei(p+−p−)x

p+ΩP

(
u1v1 u21
v21 u1v1

)
+
α0e

i(q+−q−)x

q+Ωq

(
u2v2 u22
v22 u2v2

)]

− imE
�2

[
1

p+ΩP
(1+ bσ3 e

2ip+x)

(
u21 u1v1
u1v1 v21

)
+

α0

q+Ωq
(1+ bσ3 e

2iq+x)

(
u22 u2v2
u2v2 v22

)]

−a4σ imE
�2

[
ei(p+−p−)x

p−ΩP

(
u1v1 v21
u21 u1v1

)
+
α0e

i(q+−q−)x

q+Ωq

(
u2v2 v22
u22 u2v2

)]

− imE
�2

[
1

p−ΩP
(1+ bσ4 e

2ip+x)

(
v21 u1v1
u1v1 u21

)
+

α0

q−Ωq
(1+ bσ4 e

2iq−x)

(
v22 u2v2
u2v2 u22

)]
(5)

a2σ = 2k
σ
−
(v1β1−u1β2)+α0(v2β1−u2β2)

(β2β3−β1β4)β2 , (8)

b2σ = 2k
σ
−
(u1β1− v1β2)e−iϕ1 +α0(u2β1− v2β2)e−iϕ2

(β2β3−β1β4)β2 ,

(9)

a3σ =
−γ2β1− γ1β3
−β2β3+β1β4 , (10)

b3σ =
−γ2β2− γ1β4
−β2β3+β1β4 , (11)

a4σ =
−γ4β2− γ3β4
β2β3−β1β4 , (12)

and

b4σ =
−γ4β1− γ4β3
β2β3−β1β4 (13)

with β1 = (u1 + α0u2)(k
σ
+ + iZ)+ p+u1 + α0q+u2,

β2 = (v1 + α0v2)(k
σ
+ + iZ) − p−v1 − α0q−v2, β3 =

(v1e
−iϕ1+α0v2e−iϕ2)(kσ−− iZ)−p+v1e−iϕ1−α0q+v2e−iϕ2 ,

β4 = (u1e
−iϕ1 + α0u2e

−iϕ2 ) (kσ−− iZ) + p+u1e
−iϕ1 +

α0q−u2e−iϕ2 , γ1=(u1+α0u2)(−kσ+−iZ)+p+u1+α0q+u2,
γ2 = (v1e

−iϕ1 + α0v2e
−iϕ2) (kσ− − iZ) + p+v1e

−iϕ1 +
α0q+v2e

−iϕ2 , γ3 = (v1 + α0v2) (−kσ+ − iZ) − p−v1−
α0q−v2, and γ4 = (u1e

−iϕ1 + α0u2e
−iϕ2) (kσ−− iZ)−

p−u1e−iϕ1 −α0q−u2e−iϕ2 , where a dimensionless para-
meter Z =mU/(�2kF ) with kF =

√
2m/EF is introduced

to describe the barrier strength at the interface.

Calculation and results. – In fig. 2 are illustrated
the spatial variations of the OP F (x) in the FM/SC
structure with s++- and s±-pairings for the SC, respec-
tively, where F (x) = (1/π)

∑
σ

∫∞
0
dE Im[Gσr (x, x,E)]12

(refs. [26,27]). As in FM/s-wave SC junctions [27], on the
FM side, the proximity effect induces the superconducting
OP. It is found that with increasing the distance from the
interface, F (x) for both the two models displays a damped

oscillation and changes sign from positive (negative) to
negative (positive) in the FM, i.e., a transition from the
“0 (π)” state to “π (0)” state, where the “0” and “π”
states are, respectively, ones corresponding to the positive
and negative signs of F (x) [14,27,28]. Physically, the
spin imbalance in the FM results in a modified Andreev
process, since the incident electron and Andreev-reflected
hole come from different spin subbands. As a result, the
quantumn coherence in the FM between the electron
near EF and the Andreev-reflected hole can lead to spin
singlet pairing correlations to have different wave vectors,
so that the OP amplitude and then the local DOS in
the FM both become spatially modulated, where the
coherent length ξF in the FM is given by ξF = �vF /Γ.
Naturally, as α0 = 0, the s± and s++ SCs all reduce to
a conventional s-wave one, so that the results shown
in fig. 2 are the same as those obtained in FM/s-wave
SC junctions [27,28]. It is particularly remarkable that,
with α0 �= 0, the OPs on the FM and s±-SC sides near
the FM/s±-SC interface induced by the proximity effect
are not only noncontinuous but also antiphase, which
is much different from those in the FM/s±-SC and
FM/s-wave SC junctions [27,28]. These differences can
be explained as follows: for a single band, all incident
electrons at FM/SC interface are transmitted into the
same band; however, this situation is altered at α0 �= 0
in a different manner for s±- and s++-pairings. For the
former, all incident electrons at the FM/SC interface
are transmitted into the two different bands with OPs
of opposite signs; however, for the latter, although there
exist two bands, they have OPs with the same signs.
Consequently, the interband interference for the former
different from the latter gives rise to different effects
on the AR and forming a spin singlet, thus resulting
in the above-mentioned different features of the OPs.
The differences can be also interpreted by the fact that
e−iϕ1 and e−iϕ2 in the expressions for the coefficients can
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Fig. 2: Normalized spatial variation of the superconducting order parameter F (x) for the s++ (left panels) and s± (right
panels) pairing models in FM and SC with different Z, respectively. Here, ξF = �vF /Γ and ξS = �vF /2∆1 with EF = 1.4 eV and
∆1 = 1.4meV, h0 = 15.0meV, α0 = 0, 0.5, and 1.0.

exert an important influence on the tunnelling, which
are unequal for the s±-pairing model and equal for the
s++-pairing. In addition, it is clear that the increase of
Z can change F (x) for both the s± and s++ models and
the variation for the former is much bigger than that for
the latter. For the s++ model, with increasing Z, the
OP on FM side almost shows no change but has a great
variation on the SC side. However, for the s± model, not
only the amplitudes of the OPs on both the FM and
SC sides significantly vary, but also for different α0, the
enhancement of Z has different effects on changing the
sign of phase of OP at the interface. For instance, as
shown in fig. 2, when α0 = 1.0, for Z = 0.0, the OP on FM
and SC sides at the interface are, respectively, about −1.5
and +0.8, while, for Z = 1.0, they are about +3.0 and
−4.0. It is also noticed that as α0 = 0.5, regardless of Z,
the signs of the OP on FM and SC sides at the interface
are not changed. These also indicate that the role of
Z is strongly depedent on the interband interference in
the SC. Moreover, on the SC side, the OP recovers its
bulk value with the distance from the interface exceeding
the coherent length ξS with ξS = �vF /2∆0. No matter
whether the case is the s±- or s++-paring model and no
matter whether Z = 0 or not, this feature is not changed.
Furthermore, the recalculated pair potential [26,27]
∆(x) = λ∗F (x), where λ∗ = (λ−µ∗)/(1+λ) with λ the
dimensionless electron-phonon coupling constant and µ∗

Fig. 3: Variation of electron DOS with energy for the s++ (left
panels) and s± (right panels) pairing models in FM with the
same parameters as in fig. 2 except that x= 2.5ξS .

the Coulomb pseudopotential in the SC, is equal to the
bulk λ∗ times F (x� 0) given in fig. 2, and that in the FS
is zero because λ∗ = 0. This potential is not very different
from the assumed one ∆(x) =∆0Θ(x), implying that the
potential is now nearly self-consistent.
The local DOS of the quasiparticles is proportional

to the imaginary part of the 11 components of the
2× 2 retarded Green function (x= x′), N(x,E) =
(−1/π)∑σ Im[Gσr (x, x,E)]11 (refs. [26,27]). In fig. 3, the
DOS of quasiparticles with different Z are shown as a

17009-p4
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Fig. 4: Electron DOS as a function of energy for the s++
(left panels) and s± (right panels) pairing models in SC. The
parameters are the same as those in fig. 3.

function of energy E in FM for the s± and s++ models,
in which the DOS have been normalized by that when
the SC is at its normal state. Deservedly, as α0 = 0, due
to s± and s++ SCs all reducing to the same conventional
s-wave one, the local DOS of both the two models are
thoroughly the same no matter what the value of Z is
and their behaviors with energy E for Z unequal to 0
are found similar to that of FM/s-wave SC junctions
with the dip exactly at the gap energy [27,28]. With the
increase of α0, for the s++ model, the characteristic of
the behaviors with the dip at the small gap energy is not
changed whether the value of Z is equal or unequal to
0. However, for the s± model, with α0 increased, the dip
of the DOS with E is no longer at the small gap energy
and shifts towards low energy until it vanishes at E = 0
despite the value of Z, and simultaneously, a very sharp
peak of the DOS at the small gap energy also gradually
appears and then disappears as Z �= 0, which are much
different from those for the s++ model. These different
behaviors are just attributed to the different interband
interferences in the two models. In addition, since the
induced OP in the FM may give rise to the tendency
of an SC-like DOS and cannot open a superconducting
energy gap in FM, the induced superconductivity in the
FM can be considered gapless [27].
In fig. 4, we also show the variation of the DOS of quasi-

particles with energy E on the SC side for s± and s++
models at different α0. It is found that owing to the prox-
imity effect, superconductivity in the SC near the inter-
face also becomes gapless, since the SC-like shape still
remains in fig. 4, although the DOS has the biggest depar-
ture from the bulk behavior [27]. Obviously, as in figs. 2
and 3, because the s± and s++ SCs at α0 = 0 all turn into
the same conventional s-wave one, the behaviors of the
local DOS of both the models with energy E are just the
same as those in FM/SC junctions [27] no matter what
the value of Z is. With the enhancement of α0, for both
models, characteristics of the behaviors of DOS with E are
not changed whether the value of Z is equal or unequal
to 0. Nevertheless, the results for the s± model are much

different from those for the s++ model. For the latter, with
increasing α0, as Z = 0, there exist two sharp peaks, which
are, respectively, at the two gap energies, while as Z �= 0,
there is one sharp peak at the big gap energy. However,
for the former, with increasing α0, at any value of Z, the
curve of DOS has one sharp peak at either gap energy,
and the behavior at Z = 0 is found slightly different from
that for the s++ model. The difference also shows that the
effect of Z on the DOS of the SC side for the s± model
is much greater than that for the S++ model, which also
exactly stems from different interband interferences.
Finally, we have extended the calculation for a one-

dimensional (1D) system in the previous parts, corre-
sponding to a perpendicular incidence to replace various
angles of incidence, to a three-dimensional (3D) one. After
performing numerical calculations, we find that there is no
qualitative difference in the calculated results between 1D
and 3D approaches. Therefore, the experimental observa-
tion will provide evidence for s±-pairing symmetry.

Conclusion. – In summary, we have applied the
extended Nambu spinor Green’s function approach to
study the proximity effect in a bilayer composed of an FM
and an iron-pnictide SC with antiphase s-wave pairing.
It is found that on account of the opposite signs of the
two pair potentials in the SC, the OPs in the FM and
SC regions at the interface induced by the proximity
effect are not only noncontinuous but also antiphase and
the barrier strength exerts a substantial influence on the
peak and dip behaviors of the induced superconducting
DOS in the two regions. In particular, one conspicuously
characteristic peak of the DOS is exhibited at either gap
energy on the SC side. These properties are shown to
be much different from those without antiphase s-wave
pairing for the SC, which originates from different inter-
band interferences of the two models. It is expected that
experimental measurements of OP and DOS induced by
ferromagnetic proximity effect in the present structure
will confirm the antiphase s-wave pairing in iron-based
SC.
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