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Abstract
This paper discusses the fundamental issues of the elastic properties and effective wall thickness
of single-walled carbon nanotubes (SWCNTs). It provides an in-depth analysis based on the
rationale of the nanoscale-to-macroscale deformation relationship of SWCNTs and carries out a
critical assessment of the diverse theoretical predictions in the literature. It was found that the
in-plane stiffness of SWCNTs is a mechanics quantity that has been consistently reflected by
the majority of the existing models. However, a further systematic study is necessary to clarify
the dilemma of the wall thickness of SWCNTs.

1. Introduction

Carbon nanotubes (CNTs) [1] exhibit superior mechanical
and electronic properties and hold substantial promise
for structural/functional elements of nanocomposites [2]
and nanoelectromechanical systems [3]. Most of these
applications of CNTs depend crucially on their exceptional
elastic properties; thus it is of central importance to
accurately quantify the elastic properties of single-walled
CNTs (SWCNTs). Particularly, if the effective thickness of
SWCNTs can be well defined, the existing continuum models
and numerical techniques developed for continuum bodies can
be readily used for the characterization of CNTs and CNT-
based nanostructures. Inspired by these motivations extensive
studies [4–31] have been conducted to examine the above-
mentioned issues in the past fifteen years. Unfortunately,
considerable inconsistence has been found in the literature,
where the values obtained for the same elastic stiffness are up
to five times different [20, 24, 26] and the effective thickness
of SWCNTs varies from 0.062 nm [20] to 0.69 nm [15]. To
surmount these hurdles in describing macroscopic properties of
SWCNTs, this paper aims to achieve an in-depth understanding
of the causes of the inconsistent results in the literature
and shed some lights on the long standing issue of the
controversial effective thickness of SWCNTs. To characterize
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the macroscopic properties of SWCNTs, a SWCNT will
be considered as an isotropic elastic thin shell of radius
R, thickness h, Young’s modulus E and Poisson ratio ν.
The problem will then be investigated with other mechanics
quantities, such as in-plane stiffness and off-plane stiffness,
independent of the debatable values of E and h.

2. The in-plane stiffness K of SWCNTs

The in-plane stiffness K and bending stiffness D of a SWCNT
modelled as an elastic shell are given as K = Eh

1−ν2 ≈ Eh and

D = Eh3

12(1−ν2)
≈ Eh3

12 [32, 33], respectively. On the basis of
these formulae, once K and D of a SWCNT are determined
without knowing E and h they can be used to produce E and
h to possibly clarify the inconsistence of E and h, and finally
determine the two most fundamental mechanics quantities.

In this section let us first discuss the in-plane stiffness
K ≈ Eh of SWCNTs. (It is noted that the equivalent
modulus Eβ discussed by Wang et al [34] is similar
to the concept Eh, where β is the thickness-to-diameter
ratio.) In most cases, a SWCNT under uniaxial force
Faxial is considered in virtual experiments to measure its
in-plane stiffness K or Young’s modulus E . Specifically,
without defining effective thickness of SWCNTs the K
value can be directly calculated via the energy method, i.e.,
K = 1

Vα
· ∂2W (εaxial )

∂ε2
axial

[4–6, 8, 9, 12, 13, 16, 19, 23–26], or
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Figure 1. The effective thickness h, Young’s modulus E , in-plane
stiffness K = Eh

1−ν2 ≈ Eh and the bending stiffness D = Eh3

12(1−ν2)

obtained in the literature for SWCNTs, where ν is Poisson’s ratio.
Among the five solid lines two represent bending stiffness
D = Eh3

12(1−ν2)
≈ Eh3

12 = 0.85 eV and 2 eV, respectively. The other
three solid lines are associated with increasing in-plane stiffness
K = Eh

1−ν2 ≈ Eh = 300, 360 and 422 J m−2. Dots 10(a–d) are given
by [9]. The models and sources of the dots in the figure are listed in
table 1.

(This figure is in colour only in the electronic version)

the force method, i.e., K = Faxial/εaxial

2π R [13, 14, 18, 22, 24],
where Vα is the volume of a carbon atom, εaxial is axial
strain and W (εaxial) is the strain energy shared by each
carbon atom in SWCNTs. Various techniques, e.g., ab
initio (dots 5, 9, 10 in figure 1) [9, 13, 27], local density
approach (dot 8) [16], tight-binding (TB) model (dots 4, 20,
22) [6, 10, 12], molecular dynamics (MD) simulations (dots
2, 3, 16, 17, 20, 22, 24) [4, 5, 8, 14, 19, 22, 28], force
constant model (dot 17) [25], structural mechanics (SM) model
(dot 19) [18], molecular mechanics (MM) model (dots 13,
14) [24] and finite element method (FEM) (dot 15) [26],
have been used to calculate εaxial or W (εaxial) in virtual
experiments and finally determine K via aforementioned
formula. Here the SM, MM and MD simulations as well
as FEM are based on different empirical potentials, such
as the Tersoff–Brenner potential [4, 14, 22, 24], universal
force field potential [5], molecular mechanics 3 (MM3)
potential [24], modified Mores potential [14], and harmonic
potential [18, 19, 26]. Alternatively the K value can also
be extracted via the continuum–atomistic model fitting in
studying phonon dispersion relation (dot 11) of SWCNTs [31].
In addition to these, the values of K associated with (dots
6) [20] is estimated via K = Eh

1−ν2 ≈ Eh based on the
values of E and h obtained in a ring–atomistic model fitting
for radial pressure–induced bending of SWCNTs and those
corresponding to dots 1 and 12 [17] are obtained (for armchair
and zigzag tubes, respectively) based on a continuum model
of atomic bond (CMAB), where σ bond stretching and bond
angle bending are modelled simply with stretching and rotating
springs.

As shown in figure 1, the majority of the previous
results (dots 1–24) are dispersed in the vicinity of the curve
corresponding to K ≈ Eh = 360 J m−2, with the lowest K
around 300 J m−2 (dot 6) and the highest around 420 J m−2

(dots 23 and 24). This shows that different modelling
techniques are generally in reasonable agreement in predicting
in-plane stiffness of SWCNTs. Thus, in figure 1 the wide
scatter of Young’s modulus varying from 0.9 TPa (dot 15) to
9 TPa (dot 1), are essentially a result of different choices of
the effective thickness of SWCNTs. Here, the consistency of
the in-plane stiffness suggests that the in-plane deformation of
SWCNTs interpreted solely as a result of σ bond stretching
and angle bending can be adequately described by almost
all aforementioned atomistic theories. Indeed, as shown
in [19] and [24], different calculation methods, i.e., the energy
and force methods, and various empirical potentials used in
MM/SM/MD simulations, e.g., the Tersoff–Brenner potential,
modified Mores potential, MM3 potential, and harmonic
potential, only result in relatively small variation (6–11%) of
the value of Young’s modulus (with the same value of the
effective thickness) or equivalent in-plane stiffness K .

Experimentally ‘measured’ Young’s modulus of long
SWCNTs is also presented in figure 1, where the equivalent
in-plane stiffness K is obtained by fitting the Euler beam
model to the data measured in thermal vibration (a dashed
line labelled 25) [7], or by three-point bending experiments
(three dotted lines labelled 26 (for three samples) [11]). It
is seen that the values of the in-plane stiffness given by the
two experiments are generally consistent with the theoretical
results and therefore, can be viewed as a validation that the
theoretically predicted K value of SWCNTs is correct, which
is around 360 J m−2.

On the other hand, there are a few exceptions, as also
shown in figure 1. Three results, i.e., dot 2 from [28] and
dots 1 and 12 given by [17] for armchair and zigzag tubes,
respectively, are away from the zone of all other theoretical
and experimental results. As stated in [28], the discrepancy
between this work [28] and other theoretical studies arises
from the different range of axial strain considered in the
virtual tensile experiment, i.e., while others considered axial
tension within a very small strain level (e.g., smaller than 1%),
reference [28] investigated the larger strain regime up to 5%
because the authors [28] observed that SWCNTs display linear
elastic characters only at a relatively large strain, e.g., 5%.
However, according to Mylvaganam and Zhang [35], within
the strain range of up to 5% for armchair SWCNTs and 8%
for zigzag SWCNTs, the mechanical behaviour of a SWCNT
does not change dramatically. Thus this argument for the
higher value of in-plane stiffness reported in [28] cannot be
justified straightforwardly, and needs to be further investigated.
Additionally, in [17] the K value of armchair SWCNTs is
554 J m−2 (dot 1) which is twice as much as 277 J m−2 (dot 12)
reported for zigzag tubes. The result is however inconsistent
with almost all other studies [5, 6, 8, 18, 19, 27, 36, 37], where
it is shown that the chirality of SWCNTs with radius larger
than 1 nm has negligible effect on their elastic properties. Thus
the rationale of the derivation or the validity of the model used
in [17] need to be further examined.
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3. The bending stiffness D of SWCNTs

In figure 1, the bending stiffness D of SWCNTs given by dots
3, 4, 5, 9 and 10(a–d) (see inset of figure 1) are calculated by
using D = 1

Vα
· ∂2W (κ)

∂κ2 [4, 9, 12, 13, 27], where W (κ) represents
the energy (i.e., rolling energy) that is required to roll up a
flat graphite sheet to a cylindrical surface and κ denotes the
curvature change in this process. Here the values of W (κ) from
different sources were calculated by using MD simulation (dot
3) [4], TB model (dot 4) [12], ab initio calculation (dots 5, 9,
10) [9, 13, 27] or FEM (dot 7) [23]. Another way to extract the
D value of SWCNTs is to fit elastic shell models to atomistic
models in predicting strain energy (dots 8) [16] or phonon
dispersion relation (dot 11) [31] of SWCNTs or calculate the
D value (dots 1 and 12 for armchair and zigzag SWCNTs [17])
based on an existing MM model for dihedral inversion of
SWCNTs [38]. In addition, the D values associated with dots
2, 6, 13, 14 and 15 are estimated via D = Eh3

12(1−ν2)
≈ Eh3

12 based
on the values of E and h obtained in [20, 24, 26, 28].

Figure 1 shows that the D values of SWCNTs reported
in the literature locate in the following different regimes, i.e.,
0.69–0.85 eV (dots 3, 5, 6), 1–1.3 eV (dots 1, 4, 7, 8, 12),
1.49–2 eV (dots 2, 9–11, 13), and 3.28 eV or larger (dots 14–
15). The cause of the diversity of the D values can be related to
the unclear links between the continuum mechanics approach
and the atomistic structure of an SWCNT. For example, the
LDA [16] (dot 8) shows that both the σ bond changes, and
the π electron resonance, especially the π orbital electron
density change due to the dihedral inversion of graphitic plane,
contribute to the bending resistance of a SWCNT. This theory
is also used in [23] to explain the origin of the bending stiffness
of a SWCNT. Nevertheless, the MM model [15, 38, 39] for the
bending of SWCNTs used in [17] (dots 1 and 12) assumes that
the D value of a SWCNT is merely determined by the change
of the π orbital electron density due to the dihedral inversion.
In the meantime, as shown in [21] and [40] the Tersoff–Brenner
potential [41–43] adopted in [4] (dot 3) indicates that only the
change of σ bond is responsible for the bending resistance
of a SWCNT. Furthermore, we can see in [44] that little
agreement has been reached in modelling the atomic bond
inversion of dihedral structures, for which five different models
have been suggested, i.e., AMBER, CHARMM, GROMOS,
the Tripos 5.2 and the DREIDING [44]. Similarly, in studying
the relation between D and σ bond changes, [21] shows that
D depends on both σ bond stretching and angle bending,
and [16, 23, 40] demonstrate that only the angle bending is
related to D. Here, it is worth mentioning that by looking
into [21, 24, 40], the Tersoff–Brenner potential [41–43] widely
used in MM/MD simulations of CNTs can capture the length
and angle changes of the σ bond but cannot fully accounts
for the effect of the π orbital on the off-plane deformations
of SWCNTs. This in fact explains why the Tersoff–Brenner
potential [41–43] leads to the π orbital-independent bending
stiffness D [21, 40] and unintuitive zero off-plane torsion
stiffness [40], which, as shown in [16, 29], is determined
only by the π electron resonance with its value around
0.8 eV [16, 29, 31]. On the other hand, in [21, 40] the
Tersoff–Brenner potential [41–43] gives the bending stiffness

of SWCNTs as a function of the first derivative of the inter-
atomic potential with respect to σ bond length ri j (between
atoms i and j with equilibrium bond length r0) and/or angle
θi jk (between the bonds i– j and i–k with equilibrium bond
angle θ0). This reveals that choosing the harmonic potential
U , i.e., U ∝ A · ∑

length (ri j − r0)
2 + B · ∑

angle (θi jk − θ0)
2

for σ bond stretching and angle bending will automatically
lose the σ bond contribution to the bending stiffness of
SWCNTs. Thus the FEM [26], MM models [36, 37] and
MD simulations [19, 28] based on the harmonic potential
cannot give accurate description to the mechanical behaviour
of SWCNTs sensitive to the bending stiffness D. In view of
all these, more accurate atomistic models that are capable of
accurately estimating the contributions from both the σ bond
and the π bond are necessary to give consistent depiction of
the bending stiffness of SWCNTs. Meanwhile, well-controlled
nanoscale experiments are essential to validate the accuracy
and applicability of the theoretical methods.

As mentioned before the D values in figure 1 associated
with dots 2, 6, 13, 14 and 15 are estimated via the classic shell
formula D = Eh3

12(1−ν2)
≈ Eh3

12 , where the values of E and h
are extracted by fitting different continuum models to atomistic
simulations. It is seen that when a shell (tube) model [24, 28]
is used in calculating E and h the corresponding D values
(dots 2 and 13) are close to those given by TB model (dot
4) [12], LDA (dot 8) [16], and ab initio calculation (dots 5,
9 and 10) [9, 13, 27]. In contrast, the E and h values obtained
for a ring model [20] or a structure frame model [26] make
the D values (dots 6 or 15) significantly smaller or larger
than those calculated directly based on atomistic simulations
at dots 4–5 and 9–10. These suggest that if the D value is
calculated based on D = Eh3

12(1−ν2)
≈ Eh3

12 for an equivalent
shell the different continuum models used in extracting E and
h values could also contribute to the scatter of the D value. For
example, the effective thickness of 0.147 nm [26] given by dot
15 is in fact the diameter of the microbeams used to describe
inter-atomic interaction between two adjacent atoms, which,
as will be shown later, is obviously larger than the effective
thickness of an equivalent shell of a SWCNT and thus leads
to the D value much higher than all the results obtained by
other means. In addition, the significantly different D values
(100% different) of dots 13 and 14 [24] are caused by the
two different potentials used in calculation, i.e., the Tersoff–
Brenner potential and MM3 potential (see table 1). This shows
that the bending stiffness D is much more sensitive to the
potential than the in-plane stiffness K (note dots 13 and 14
give the K values which are close to each other).

The role of Poisson’s ratio ν of SWCNTs to the in-plane
stiffness K and bending stiffness D is to couple between the
axial and circumferential deformations, i.e., ν = −εθ/εx ,
where εx and εθ denote normal axial and circumferential
strains, respectively, in uniaxial tension/compression. In the
literature, the ν values given by ab initio [9, 13, 27], TB
mode [6], MD/MM simulations [4, 24] and force constant
model [5], range from 0.144 to 0.28, which is not very different
from that of graphite (0.16) used in [25]. The noticeable radius
and chirality dependence of ν is observed for fine SWCNTs
with diameter not larger than 1 nm [9, 27]. In addition, higher
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Table 1. Models and references corresponding to the dots in figure 1. (Note: CMAB: continuum model of atomic bond; SM: structural
mechanics; TB: tight-binding; LDA: local density approach; MM: molecular mechanics; FEM: finite element method; MD: molecular
dynamics; FC: force constant; UFF: universal force field; T–B potential: Tersoff–Brenner potential; M-M potential: modified Morse
potential.)

Dot Model Reference Dot Model Reference

1 CMAB [17] 14 MM model
(MM3 potential)

[24]

2 MD simulation (ab initio
force field potential)

[28] 15 FEM [26]

3 MD simulation
(T–B potential)

[4] 16 MD simulation
(T–B potential)

[22]

4 TB model [12] 17 FC model [25]
5 ab initio [27] 18 MD simulation

(UFF potential)
[5]

6 Ring model [20] 19 SM simulation
(harmonic potential)

[18]

7 Shell model [23] 20 MD simulation
(UFF potential)

[8]

8 LDA model [16] 21 TB model [10]
9 ab initio [13] 22 MD simulation

(M-M potential)
[14]

10 aa [9] 23 TB model [6]
b tube (10, 0)
c tube (8, 4) ab initio
d tube (n, n)

11 Shell–lattice fitting [31] 24 MD simulation
(harmonic potential)

[19]

12 CMAB [17] 25 Thermal vibration [7]
13 MM model

(T–B potential)
[24] 26 3-point bending [11]

a The values of elastic constants are estimated from the quadratic behaviour of the ZA band in the
phonon dispersion relation of SWCNTs.

ν values, i.e., 0.34 [16] and 0.4 [27], are also obtained based
on the LAD [16] and FEM [27], respectively. It is easy to
understand that Poisson’s ratio only plays a minor role in
determining the effective thickness h and Young’s modulus
E of SWCNTs, simply because in the shell formulae, i.e.,
K = 1

1−ν2 · (Eh) and D = 1
1−ν2 · ( Eh3

12 ), the coefficient 1
1−ν2

only varies from 1.02 to 1.16, when ν varies from its minimum,
0.144, to its maximum, 0.4.

4. The effective thickness h

By plotting the values of the effective thickness of SWCNTs
together in a single diagram, as in figure 1, we can see that
they fall into two large groups; One is the assumed value of
0.34 nm (dots 16–24) [5–8, 10, 11, 14, 18, 19, 22, 25], which is
the interlayer spacing of multi-walled CNTs, and the other is a
group of values derived based on different theoretical methods
(dots 1–15) [4, 9, 12, 13, 16, 17, 20, 23, 24, 27, 28, 31].
Among the totally fifteen theoretical predictions, fourteen fall
in the range between 0.0617 nm [20] and 0.134 nm [24], and
thus, satisfy the Vodenitcharova–Zhang criterion [20] that the
effective wall thickness of SWCNTs must be smaller than the
atomic diameter of carbon atoms, 0.142 nm. So far, only two
exceptions have been found; i.e., 0.69 nm [15] (not shown
in figure 1) and 0.147 nm [26]. These results show that the
Vodenitcharova–Zhang criterion [20] can indeed be used as a
guideline for future research work on the effective thickness

of SWCNTs. For details of this criterion the reader may refer
to [20].

It should be pointed out that the previously proposed
effective thickness of 0.34 nm is not applicable due to the
following reasons. First this value was proposed as an
assumption instead of being derived based on any physical
understanding. Specifically, as shown in figure 1, this
effective thickness and the corresponding Young’s modulus
lead to an extremely high bending stiffness of SWCNTs, an
order of magnitude higher than all the theoretical predictions
(experimental measurement is not available). Also, it is
obvious that the value of 0.34 nm violates the Vodenitcharova–
Zhang criterion. Similarly, the values of 0.69 nm and 0.147 nm
which cannot satisfy the Vodenitcharova–Zhang criterion
should also be excluded in future discussion. Particularly,
h = 0.69 nm [15] (not shown in figure 1) results in even
worse bending stiffness of SWCNTs as compared with the
value of 0.34 nm. In addition, as mentioned in section 2,
h = 0.147 nm obtained by [26] is the effective diameter
of equivalent microbeams used in structure frame model [26]
to describe the inter-atomic action in SWCNTs. Following
the physical understanding of Vodenitcharova and Zhang [20]
this value is obviously too large, violating the basic force
equilibrium requirement.

As shown in [16, 29–31], to obtain a well-defined effective
thickness for a SWCNT modelled as an isotropic shell the
elastic stiffness of the SWCNT must satisfy the condition
D
K = Dtorsion

Ktorsion
[32, 33] where Dtorsion and Ktorsion are off-plane

4
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and in-plane torsion stiffnesses, respectively. However, while
this condition is found to be true in [16, 31] for SWCNTs,
the analysis based on a recent LDA model gives a negative
answer [29, 30] making the authors of [29, 30] conclude that a
three-dimensional isotropic shell with well-defined thickness
does not exist for SWCNTs. Indeed, since the bending
deformation mechanism of a SWCNT as a three-dimensional
discrete structure is quite different from that of an elastic shell
(see details in [32, 33]), D

K = Dtorsion
Ktorsion

, which is satisfied by
any isotropic continuum shell, may not be reached by their
counterparts of SWCNTs. If this conclusion can finally be
confirmed by accurate atomistic simulations, an anisotropic
shell model, e.g., an orthotropic shell may be developed to
define effective thickness for SWCNTs without satisfying the
aforementioned condition derived for isotropic shells.

5. Conclusions

On the basis of the above critical assessment we can observe
the following:

(1) Atomistic models consistently show that the in-plane
deformation of SWCNTs is controlled by the bond length
and angle change of in-plane σ bond. The mostly agreed
value of in-plane stiffness K by different atomistic models
is around 360 J m−2.

(2) The bending deformation of SWCNTs is governed by both
the change of in-plane σ bond and inversion of off-plane π

orbital. The large scatter of the value of bending stiffness
reported in the literature can be partially attributed to
the fact that different atomistic models are inconsistent
in modelling the bending deformation or evaluating the
contributions from the two atomic bonds to bending
resistance of SWCNTs. Thus, to resolve this problem
more accurate atomistic model validated by accurately
controlled nanoexperiments is needed.

(3) The Tersoff–Brenner potential, widely used for MM/MD
simulation of CNTs cannot accurately account for the
π orbital contribution to the off-plane deformations
of SWCNTs, e.g., bending and off-plane torsion, and
therefore cannot give accurate value of the bending
stiffness and off-plane torsion stiffness for SWCNTs.

(4) The Vodenitcharova–Zhang criterion that the effective
thickness of SWCNTs should be smaller than the atomic
diameter 0.142 nm should be used as a necessary condition
(but not sufficient) for justifying an effective thickness of
SWCNTs. The assumed value of 0.34 nm as well as those
larger than 0.142 nm, e.g., 0.69 and 0.147 nm should be
excluded in future investigations.
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