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Abstract
Squeezed states of spin systems are an important entangled resource for quantum technologies,
particularly quantummetrology and sensing.Here we consider the generation of spin squeezed states
by interacting the spins with a dissipative ancillary system.We show that spin squeezing can be
generated in thismodel by two differentmechanisms: one-axis twisting (OAT) and driven collective
relaxation (DCR).We can interpolate between the twomechanisms by simply adjusting the detuning
between the dissipative ancillary system and the spin system. Interestingly, wefind that for both
mechanisms, ancillary systemdissipation need not be considered an imperfection in ourmodel, but
plays a positive role in spin squeezing. To assess the feasibility of spin squeezingwe consider two
different implementations with superconducting circuits.We conclude that it is experimentally
feasible to generate a squeezed state of hundreds of spins either byOATor byDCR.

1. Introduction

The generation of non-classical states of large quantum systems has attracted significant attention due to the
potential of such states in emerging quantum technologies [1, 2], such as quantummetrology and sensing [3–8].
For instance, it is well known that highly entangled states ofN spin-1/2 particles, such as spin squeezed states,
can—in principle—be exploited to increase the precision of somemeasurements by a factor that scales with
N1 2 compared to the best precision that is achievable with a separable state [4–6, 9, 10]. Interestingly, an
improvement in the precision is even possible in the presence of certain types of realistic decoherence, although
the scaling of the improvement is reduced to N1 4 [11–13]. Themotivation of thework described here is the
generation of such spin squeezed states, starting froman easily prepared separable state of the spin system.

Solid state spin defects, such as nitrogen vacancy centres or electron donor spins in silicon, are particularly
promising candidate spin systems due to their long coherence times [14–16]. However, to generate
entanglement it is clear that we require some sort of interaction between the spins. Although it has been
proposed that this can be achieved using the naturalmagnetic dipole–dipole interaction between the spins [17],
in practice this is difficult because any spinwill interact veryweaklywith a distant spin (the strength of the
dipole–dipole coupling between two spins scales as -r 3, where r is the distance between the two spins). Since this
interaction is weak it will be challenging to generate highly entangled states within the spin coherence time.
Instead, we adopt a hybrid-systems approach, where the spins are allowed to interact with an auxilliary system.
This interactionwith the auxilliary system can induce coupling between the spins (including long range
interactions between distant spins)which can then be exploited to generate the necessary entanglement. This
approach has been used to experimentally generate few-qubit entangled states ofmany different systems, for
example trapped ions [18, 19], Rydberg atoms [20] and superconducting qubits [21, 22]. In this context, the
auxilliary system is sometimes called a ‘quantumbus’ [23]. However, these experiments are typically limited to
few qubit systems. Also, some schemes [7, 24]need significant entanglement with the ancillary system
throughout the interaction. Thismeans that they are limited by the requirement that the ancillary systemmust
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have a coherence time that is longer than the duration of the entanglement. In this paperwe consider the
interaction of a short-lived ancillary systemwith a long-lived spin system, andwe show that this hybrid-systems
approach can be used to generate relatively large spin squeezed states. This is a typical feature of the hybrid-
systems approach: the strengths of both the auxilliary system and the systemof interest are exploited to generate
dynamics that would be difficult to generate with either system individially [25].

We structure our paper as follows. In section 2we give ourmeasure of spin squeezing andwe introduce the
two spin squeezingmechanisms that are relevant to this paper: (i) spin squeezing by one-axis twisting (OAT)
[26, 27], and (ii) spin squeezing by driven collective relaxation (DCR) [28, 29]. In section 3we describe our
model andwe adiabatically eliminate the ancillary system to obtain an effectivemaster equation for the spin
system.We show that both of the spin squeezingmechanisms, OAT andDCR, emerge from these effective
dynamics. For concreteness, we focus on two different implementations of themodel, onewith a
superconducting flux qubit playing the role of the ancillary system, and the other with a superconducting
microwave resonator (MR). In section 4we consider spin squeezing byOAT, including the effect of realistic
imperfections in themodel, such as dissipation of the ancillary system, inhomogeneity in the spin energies due to
fluctuations in their localmagnetic fields, and inhomogeneity in the couplings between the ancillary system and
the spins. Interestingly, wefind that ancillary systemdissipation need not be considered an ‘imperfection’ in the
model. The spin squeezing is very robust to such decoherence and, perhaps counter-intuitively,moderate
dissipation can even improve the spin squeezing byOAT. Such ‘dissipation-assisted’ spin squeezing is an
interesting effect since it is unusual for spin squeezing byOAT to be improved by adding dissipation to a part of
the system.We alsofind that the inhomogeneity in the couplings can be reduced to a negligible level by a
judicious experimental setup. Inhomogeneity of the spin energies can be compensated by dynamical
decoupling.Wefind that a pulse sequence known as concatenated-XY8 effectively preserves spin squeezing.
However, a drawback of pulsed dynamical decoupling is that, in practice, each pulse in a sequence introduces
errors that damage the spin squeezing. At the end of section 4we show that driving the spin system enables spin
squeezing byOATwithout the need for a dynamical decoupling pulse sequence. In section 5we consider spin
squeezing byDCR, including the effect of realistic imperfections in themodel.We show that for squeezing by
DCR, standard pulse sequences are not effective in overcoming inhomogeneity in the spin energies, butwe
present a novel pulse sequence that preserves the spin squeezing.We conclude that it is experimentally feasible to
generate squeezed states of hundreds of spins, either byOATor byDCR. Finally—for our chosenmodel
parameters—we estimate the improvement in precision that this can give inmagnetic field sensing.

2. Background

Our primary systemof interest thoughout this paper is an ensemble ofN spin–1/2 particles. The collective spin
operators for this system are ˆ ˆ ( )s= åm m=J i

N i1

2 1 , where ˆ ( )sm
i are the Pauli operators for the ith spinwith

{ }m Î x y z, , . Themean spin vector for an arbitrary state rs of the spin system is the expectation value

ˆ ( ˆ )
 

rá ñ =J JTr s , where ˆ ( ˆ ˆ ˆ )

=J J J J, ,x y z is a vector of operators.We denote the unit vector in the direction of the

mean spin as ˆ ∣ ˆ ∣  
= á ñ á ñn J J .We quantify spin squeezing of a state rs with theWineland squeezing parameter

[10]
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where theminimisation is over all unit vectors

n̂ that are perpendicular to themean spin direction and

( · ˆ ) 
n̂ JVar is the variance of the operator · ˆ 

n̂ J . For a spin coherent state of the form [30]
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where ∣  ñi and ∣  ñi are the eigenstates of ˆ ( )sz
i , wehave ∣ ˆ ∣


á ñ =J N 2 and ( · ˆ ) 

 =^^ n J Nmin Var 4n .Hence, by
the definition abovewehave x = 12 for a spin coherent state. A state is spin squeezed if x < 12 , implying that the

variance of the operator · ˆ 
n̂ J (for some choice of


n̂ ) is less than that of a spin coherent state. This is illustrated in

figure 1,whereweplot theQ-function for a spin coherent state and for twoexample spin squeezed states. It is also
known that the squeezing parameter x2 is an entanglementwitness,meaning that x < 12 implies that the (possibly
mixed) state rs is entangled.Moreover, the parameter ξhas a specific operationalmeaning in that it is the ratioof the
phase sensitivity of the state rs to that of a spin coherent state in aRamsey inteferometricmeasurement [10].

There are various possiblemechanisms for the generation of spin squeezing starting from a spin coherent
state. In this paper we are particularly interested in two of these: (i) spin squeezing byOAT [26, 27] and (ii) spin
squeezing byDCR [28, 29].
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(i)OAT is generated by the evolution

˙ [ ˆ ] ( )


r r= - H
i

, , 3s oat s

where theHamiltonian is quadratic in one of the collective spin operators, for example, ˆ ˆc=H Jzoat
2
. It is well

known that for largeN this leads to optimum spin squeezing value x ~ -N2 2 3 after evolution time [26, 27]:

( )c» -t N3 . 4opt
1 6 2 3

For theOATHamiltonian ˆ ˆc=H Jzoat
2
themost spin squeezing is achieved for an initial spin coherent state that

is on the equator of the Bloch sphere of each spin, i.e., ∣q f fñ = p, ,
2

. Infigure 1(b)we plot theQ-function for
a one-axis-twisted state forN=40.

(ii) Spin squeezing byDCR is induced by the Lindbladmaster equation

˙ [ ˆ ˆ ] [ ˆ ]( ) ( )r r g r= - W + W + -J J Ji , , 5x x y ys s s

where ˆ ˆ ( )s= å = J i
N i

1 are the collective spin raising and lowering operators and the superoperator  is defined

as [ ˆ]( ) ˆ ˆ ˆ ˆ ˆ ˆ† † † r r r r= - -L L L L L L Ls s
1

2 s
1

2 s for any operator L̂. The parameter ( )

W = W W, , 0x y is a transverse

magnetic field applied to the spin system, and γ is the collective spin relaxation rate. Although themodel
described by equation (5) has beenwell-studied [31–33], spin squeezing by thismechanismhas been explored
only recently [28, 29]. It has been shown that any initial spin coherent state ∣q fñ, relaxes to a steady state

[31, 32]. For an appropriate value of the transverse field ∣ ∣

W , this steady state is squeezed [28]. In contrast, the

analagous driven, dissipative dynamics for a Bosonicmode leads to steady states that are always coherent states
rather than squeezed states [34]. In equation (5), the steady state with themost squeezing is achieved for ∣ ∣


W of

the order gN [28, 29].
In the followingwe see that both theOAT and theDCR spin squeezingmechanisms emerge in the

interaction of an ancillary systemwith a spin ensemble.

3.Model

Wemodel the interaction of a spin ensemble with a dissipative ancillary systemby themaster equation

˙ [ ˆ ] [ ˆ ]( ) ( )


r r g r= - +H A
i

, , 6

where ˆ ˆ ( ) ˆ= + +H H t H Hs anc int and:

ˆ ( ) ˆ ˆ ( ¯ ) ( )( ) ( ) ( ) å åw s s w h= + W +
= =

H t t
2

cos , 7
i

N
i

z
i

i

N

x
i

s
1 1

ˆ ˆ ˆ ( )†w=H A A , 8anc anc

ˆ ˆ ( ˆ ˆ ) ( )( ) ( ) †ål s= Ä +
=

H A A . 9
i

N
i

x
i

int
1

The operator ˆ ∣ ∣= å + ñá +=
-A n n n1 1n

d
0
2 is a lowering operator for the d-dimensional ancillary system,

where ∣ ñn is a basis for the ancilla state space. If, for example, the ancillary system is a qubit (d=2), the operator
Â is the qubit lowering operator ˆ ( ˆ ˆ )s s s= -- i 2x y , which has the commutation relation [ ˆ ˆ ] ˆs s s=+ -, z . If the

Figure 1.Q-functions for ( )a a spin coherent state, ( )b a one-axis twisted state, and ( )c a steady state of driven collective relaxation.
The squeezed states have a reduced variance orthogonal to themean spin direction. TheQ-function is defined as

( ) ∣ ∣q f q f r q f= á ñ
p
+Q , , ,N 1

4 s for states rs in the =j N 2 eigenspace of the operator ˆ ˆ ˆ ˆ= + +J J J Jx y z
2 2 2 2

. For each of these

plotsN=40 and in ( )c W = 0x , ( )gW =N2 0.85y .
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ancillary system is a Bosonicmode (  ¥d ), the operator Â is the annihilation operator â, with the
commutation relation [ ˆ ˆ ]† =a a, 1. The ancillary system frequency is wanc and its relaxation rate is γwith
corresponding relaxation time g-1. In equation (7) for the spin ensemble, each spinmay have a different

frequency ( )w i with an average ¯ ( )w w= å =N i
N i1

1 and standard deviation [ ¯ ]( )dw w w= å -= Ni
N i

1
2 . Also, the

spins are driven at the average spin frequency w̄ by a classical field of amplitudeΩ and phase η. The interaction
Hamiltonian equation (9) describes the coupling between the spins and the ancillary system,where each spin
may have a different coupling ( )l i , with an average coupling l̄ and standard deviation dl.

Rotating to an interaction frame defined by the unitary transformation

( )ˆ ( ) ¯ ˆ ˆ ˆ( ) †w s= - å +=
⎡⎣ ⎤⎦U t t A Aexp i i

N
z

1

2 1
i , wemake a rotatingwave approximationwhich gives themaster

equation (6) butwith the newHamiltonian:

ˆ ˆ ˆ · ˆ

¯ ( ˆ ˆ ˆ ˆ ) ˆ ˆ ( )

†

†

 
 

l

= D + W

+ + + +

h

+ -

H A A n J

J A J A H H , 10IB IC

where ¯w wD = -anc is the detuning between the ancillary system frequency and the average of the spin
frequencies, ( )

h h=hn cos , sin , 0 is a unit vector in the equatorial plane, andwe have defined
ˆ ( ¯ ) ˆ( ) ( ) w w s= å -=H i

N i
z

i
IB 2 1 and ˆ ( ¯ )( ˆ ˆ ˆ ˆ )( ) ( ) ( ) l l s s s s= å - += + - - +H i

N i i i
IC 1

FQ FQ . In equation (10)theHamilto-

nian is separated into an ‘inhomogeneous’ part represented by theHamiltonian terms ĤIB and ĤIC and a
‘homogeneous’ part represented by the remaining terms of equation (10). The subscript ‘IB’ on ĤIB stands for
‘inhomogeneous broadening’. If each spin has the same frequency ¯( )w w=i (equal to the average value), the
inhomogeneous broadening term ĤIB vanishes. Similarly, the subscript ‘IC’ on ĤIC stands for ‘inhomogeneous
couplings’, and if each spin is equally coupled to the flux qubit we have ¯( )l l=i and the inhomogeneous
coupling term ĤIC vanishes.

We note that spin relaxation and spin dephasing have been neglected in themodel described above. If the
spins are, for example, an ensemble of donor spins in silicon then this is a reasonable assumption since the spin
dephasing time is of the order of seconds and the relaxation time is of the order of tens ofminutes at low
temperatures [16]. Also, long coherence times of∼30 ms have been achieved for ensembles of nitrogen-vacancy
centres in diamond by the use of dynamical decoupling [15].

3.1. Effective dynamics
To see how spin squeezing is generated in thismodel, wefirst define the parameter gG = D + 42 2 . If the
ancillary system is initially in its ground state ∣ ñ0 and ifΓ satisfies the conditions

¯ ( )  l dwG G W GN , , , 11

we can adiabatically eliminate the ancillary system. The result is the effectivemaster equation (see appendix A for
details) [35, 36]:

˙ [ ˆ ˆ ] [ ˆ ]( ) ( )


r r g r= - + + -H H J
i

, , 12s IB eff s eff s

where ( )r r= Trs anc is the reduced state of the spin system and ¯g l g= Geff
2 2 is the collective-spin relaxation

rate. The effectiveHamiltonian is4

ˆ · ˆ ˆ ˆ ˆ · ˆ ( )   
   c c c= W + - -hH n J J J J J , 13z zeff eff

2
eff eff

where ¯c l= D Geff
2 2. For clarity we have neglected the inhomogeneous couplings, i.e., ¯( )l l=i in

equations (12) and (13), although the effect of both inhomogeneous couplings and inhomogeneous broadening
will be assessed in later numerics.

These effective dynamics have features of both spin squeezingmechanisms thatwere discussed in section 2,

that is, squeezing byOAT and byDCR. The term ˆc Jzeff
2
in the effectiveHamiltonian is anOAT term,while the

collective relaxation in equation (12), in combinationwith spin drive · ˆ 
W hn J , are the necessary ingredients for

squeezing byDCR (for comparison, see equation (5)). The two spin squeezingmechanisms appear
independently in two different regimes of the effectivemaster equation (12). TheOAT regime emerges when the
OAT coefficient ismuch larger than the collective relaxation rate, c geff eff [35]. By comparing the
expressions for ceff and geff it is easy to see that this reduces to the condition that the detuning should bemuch
larger than the ancillary system relaxation rate,  gD . On the other hand, theDCR regime emerges when the
collective relaxation dominates theOAT, c geff eff , which corresponds to the condition  gD .We note that

4
Wenote that the effectiveHamiltonian equation (13) bears close similarity to the Lipkin–Meshkov–GlickHamiltonian [67], which has

been studied in other contexts [68, 69].
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theDCR regime includes, for example, the case where the ancillary system and the spins are resonant (D = 0),
inwhich case the effectivemaster equation (12) is in the same form as equation (5).

3.2. Realistic parameters
To assess the feasibility of spin squeezingwe choose some reasonable parameters for ourmodel.We consider
two different implementations: (i) a superconducting flux qubit (FQ) coupled to an ensemble of nitrogen-
vacancy (NV) centres in diamond, and (ii) a superconductingMRcoupled to an ensemble of electron donor
spins in silicon.

3.2.1. Superconducting flux qubit and nitrogen-vacancy centres
The spin parameters w̄ and dw depend on the type of spin system.Here we take the spins to beNV centres in
diamond. Although theNV centre ground state is spin-1 [37], amagnetic field can be applied to detune one of
the spin sub-levels so that—to a good approximation—theNV centre can be considered spin-1/2.Due to the
NV zero-field splitting, we have w̄ p» ´2 3GHz [38], and based on recent experimental results5 we estimate
dw p» ´2 3 kHz. The spin drive parametersΩ and η are experimentally tunable.

For a superconducting FQ, the ancillary systemoperator Â in equations (8) and (9) is the qubit lowering
operator ŝ-.We assume that the FQ is tuned so that its two persistent current states are degenerate, with tunnel
splitting w w=anc FQ between them. The detuning ¯w wD = -FQ can be varied experimentally by changing the
flux qubit tunnel splitting wFQ [39, 40].

The coupling strength ( ) ∣ ( )∣ ( )( ) l l m= =y z g B y z, , 2i
i i i ie B is determined by themagnetic field

( )B y z,i i that is generated by the FQ at the position ( )y z0, ,i i of the ithNV centre (with axes as shown infigure 2).
We assume a square FQof length m3 m, wire thickness m0.1 m andwire height m0.2 m (seefigure 2(a)) andwe
assume a uniform critical current of m=I 1.4 A. Based on these values, the coupling strength ( )l y z, in the
interior of the FQ can be estimated by the Biot–Savart law [41]. This is shown in the contour plot infigure 2(a).
ForNV centres positioned near themiddle of the FQ the coupling is relatively homogeneous across a broad area
(the blue region infigure 2(a)). Assuming that theNV centres are contained in a diamond sample of volume

´ ´1.58 1.58 0.2 mm3 withNVdensity -10 cm15 3 gives a total ofN=500 nitrogen-vacancy centres randomly
placed throughout the diamond sample.Wefindnumerically that in this case the average coupling is
l̄ p» ´2 12 kHz with standard deviation dl p» ´2 1 kHz.We note that coherent coupling between a FQ
and an ensemble of NV centres has been demonstrated experimentally with a similar coupling strength [42].

Figure 2. (a)An illustration of theflux qubitmodel. The flux qubit couples to theNV centres in the diamond sample via themagnetic
field generated by the persistent current in the flux qubit. The colourmap shows ( )l py z, 2 , the coupling strength at the coordinates
( )y z0, , in the interior of the flux qubit. (b)An illustration of themicrowave resonatormodel. Thewire is the central inductance of a
superconducting lumped element resonator and generates themagneticfield that couples to the phosphorus electron spins in the
silicon crystal. Thewidth, length, and height of the wire are 1.5 mm, 3 μm, and 50 nm respectively, and the silicon crystal is positioned
100 nmabove thewire. The colourmap shows ( )l py z, 2 , the coupling strength 100 nm above thewire.

5
Recent experiments havemeasured dw p= ´2 200 kHz for a diamond sample ofNVdensity~ ´ -0.67 10 cm17 3 [70]. If the

inhomogeneous broadening dw is due to interactionwith substitutional nitrogen atoms (P1 centres) in the diamond lattice (a reasonable
assumption for isotopically pure diamond), dw is approximately linearly related to theNVdensity [71]. ForNVdensity~ -10 cm15 3 this
corresponds to dw p» ´2 3 kHz .

5
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Finally, we assume that the FQ relaxation rate is g = 1 MHz, corresponding to the relaxation time
g m=- 1 s1 . This is a reasonable estimate, since relaxation times an order ofmagnitude longer than this have
beenmeasured in recent experiments with flux qubits [43, 44].Wewillfind it useful towrite both the adjustable
detuningΔ and the relaxation rate γ as a proportion of the collective coupling l̄N . For the relaxation rate this
gives ¯g l= ´ N0.0265 , where l̄ p= ´2 12 kHz andN=500, as determined above.We use these
expressions forΔ and γwhen our numerical simulations are limited to small numbers of spins,N. This is useful

becausewith these expressions the condition ¯g lG = D + N42 2 in equation (11) is satisfied by the same
proportion for any value ofN, andwe can extrapolate fromour small-Nnumerical results to our larger
estimated valueN=500.

3.2.2. SuperconductingMRand donor spins in silicon
The coupling of aMR to a spin system ismuchweaker than the coupling of a FQ to a spin system. For this reason,
we take the spin system in this case to be an ensemble of electron spins of phosphorus atoms doped in a silicon
crystal, since longer coherence times have beenmeasured for these spins than forNV centres [16]. The donor
electron spin frequency w̄ is determined by the electron Zeeman splitting. The donor electron spins interact with
the donor nuclear spins via a hyperfine interaction of p ´2 118 MHz. However, by polarising the nuclear spins
this interaction can be regarded as a contribution to the electron Zeeman splitting [45].With an additional
externally appliedmagnetic field~100 mT we have w̄ p» ´2 3 GHz [46] (similar to theNV zero-field
splitting). Based on experimental results [16], we assume dw p= ´2 15 Hz, which ismuch smaller than forNV
centres. The spin drive parametersΩ and η are experimentally tunable.

For a superconductingMR, the operator Â in equations (8) and (9) is the Bosonic lowering operator â. The
detuning ¯w wD = -MW can be varied experimentally by adjusting theMR frequency wMW. The coupling
strength ∣ ( )∣ ( )( ) l m= g B y z, 2i

i ie B is determined by themagnetic field ( )B y z,i i that is generated by theMRat
the position ( )y z0, ,i i of the ith donor spin.We assume that thewire of theMRhas length 1.5 mm, width m2 m,
height 50 nm (see figure 2(b)), a penetration depth of 90 nm, and an inductance =L 1.5 nH. Based on these
values, the coupling strength is shown in the contour plot infigure 2(b). There is a region of relatively
homogeneous coupling directly above thewire (the green area between the two ridges in the contour plot).We
suppose that a silicon sample of dimensions m´ ´1 mm 2 m 50 nm and donor spin density ´ -1.2 10 cm14 3

is placed in this region at a distance of100 nm from the resonator.With these values we estimate that there are
= ´N 1.2 104 spins placed randomly throughout the silicon sample, with an average coupling

l̄ p» ´2 56 Hz and a standard deviation dl p» ´2 4 Hz [47]. This is a considerably weaker coupling than
for the FQ andNV implementation in the previous section.However,measured coherence times for donor
spins in silicon aremuch longer than those forNV centres [16]. The relaxation rate of the resonator is
g w p= » ´Q 2 0.34 MHzMR , assuming a resonator quality factor = ´Q 4.5 104 and the frequency
w p» ´2 3 GHzMR . For l̄ p= ´2 56 Hz and = ´N 1.2 104 this relaxation rate can be expressed as

¯g l= N0.1 .We use this value when our numerical simulations are restricted to small values ofN.
In the following sections we numerically investigate the spin squeezing, using realistic parameters as far as

possible. For all of our simulationswe use themaster equation (6)with theHamiltonian equation (10), that is,
themaster equation before the approximations that leads to the effectivemaster equation (12). This gives us
meaningful results evenwhen the approximation conditions in equation (11) are notwell satisfied.

4. Spin squeezing byOAT

4.1. Ideal case, with ancilla relaxation
First, we consider spin squeezing in theOAT regime  gG » D , assuming that the initial state is the spin

coherent state ∣q fñ = p, , 0
2

, since this state is in the class of states fp ,
2

that leads to themost squeezing by

theOAT term ˆc Jzeff
2
. To prepare the state p , 0

2
wemake use of the fact that a general spin coherent state

∣ ˆ ( )∣q f q fñ = ñR, , 0, 0 can be prepared by rotating each spin from the state ∣ ⨂ ∣ñ =  ñ=0, 0 i
N

i1 with the

rotation operator ˆ ( ) [ ( ˆ ˆ )]q f q f f= - -R J J, exp i sin cosx y [30]. This rotation can be implemented by applying
an electomagnetic pulse to the spin system. The state ∣ ∣q fñ = ñ, 0, 0 is itself easily prepared, e.g., by cooling (it is
the ground state of the spinHamiltonian equation (7)when W = 0) or, forNV centres, by optical pumping

[38, 48]. After the state ( )ˆ ∣= ñp pR, 0 , 0 0, 0
2 2

has been prepared, unitary evolution by Ĥeff leads to spin

squeezing.
Asmentioned in the previous section, the detuningΔ and the spin driveΩ are experimentally tunable

parameters in both of the considered implementations. To get a comprehensive picture of which values of these
parameters lead to spin squeezingwe plot xmint

2, theminimum spin squeezing that is achieved across all
evolution times t, as a function ofΔ andΩ. This is shown infigure 3(a) for the FQ andNVmodel assuming (for
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themoment) the ideal case where there is noflux qubit relaxation (g = 0), no inhomogeneous broadening
(dw = 0) and homogeneous coupling of the spins to theflux qubit (dl = 0). Figure 3(a) shows that there is
significant spin squeezing (the dark red region) in the lower right portion of the plot where G » D W and

¯ lG » D N , corresponding the the regime of validity of the effectiveHamiltonian equation (13). In
figure 3(b)we include a realistic amount offlux qubit relaxation ( ¯g l= ´ N0.0265 ) andwe see that the spin
squeezing is very robust to this kind of decoherence. The corresponding plots for the resonatormodel are not
shown as they are qualitatively similar tofigures 3(a) and (b).

In theOAT regime (  gD ) the evolution time required to reach the optimal spin squeezing is given by
equation (4). From this equationwe estimate

¯ ( )l= D-t N3 , 14opt
1 6 2 3 2

wherewe have substituted the expression for theOAT coefficient ceff andwe have used G » D. Itmay appear
from this expression for topt that the optimum squeezing time decreases with the number of spinsN, but this is
not so, sincewe require ¯ lG » D N for the effectiveHamiltonian equation (13) to be valid. For a detuning

¯ ¯l lD = k N N for some k 1, this translates to an optimal squeezing time l̄=t kN3opt
1 6 1 3 .We see that

the optimum squeezing time actually increases as the number of spinsN increases. However, the scaling is N1 3

so that topt is not too large formoderate values ofN. It was determined above thatN=500was a realistic
number ofNV centres that could be coupled to the FQ for our chosen FQdimensions. In this case, substituting

l̄D = N20 and l̄ p= ´2 12 kHz, we estimate =t 2.5 msopt , which is within the spin coherence times
achieved in recent experiments with ensembles of nitrogen-vacancy centres in diamond [15]. Infigure 3(c) the
solid black line shows the time evolution of the spin squeezing parameter, assuming the large detuning

l̄D = N20 , zero ancillary system relaxation g = 0, and zero spin drive W = 0. For comparison, the dashed
black line shows the spin squeezing for relaxation ¯g l= ´ N0.0265 . The spin squeezing is almost
indistinguishable from the g = 0 case, confirming that this spin squeezingmechanism is very robust to realistic
levels of ancillary system relaxation. Also, the horizontal dotted black line shows the level of optimum spin
squeezing x ~ -N2 2 3 for perfect OAT, i.e., the optimum squeezing by the effectiveHamiltonian equation (13)
(or, alternatively, by equation (3)). Theminimumof the solid black line reaches this optimum since the
dynamics are well approximated by the effectiveHamiltonian for the large detuning l̄D = N20 . For theMR
and donor spins in silicon implementation, we estimated = ´N 1.2 104 and l̄ p= ´2 56 Hz. Substituting
these values, alongwith l̄D = N20 , gives =t 1.6 sopt , which is within the spin coherence time~10 s of
phosphorus donor spins in silicon at low temperatures with spin echo [16].

Although these optimum squeezing times arewithin the achievable spin coherence times in both
implementations, it is desirable to decrease topt. Interestingly, we observe that for a given number of spins we can
significantly reduce the optimum squeezing time as follows. Since the optimum squeezing time topt scales
linearly with the detuningΔ (see equation (14)), the spins can be squeezedmore quickly by decreasing the
detuning. Decreasing the detuning comes at a cost, however: we needΔ to be large enough to satisfy our
approximation condition ¯ lG » D N . This leads to a tradeoff: if we decrease the detuningwe can squeeze
more quickly at the expense of aworse approximation to the effectiveHamiltonian, and conversely, if we
increase the detuningwe have a better approximation but at the expense of a longer wait for the optimal
squeezing. This can be seen by comparing the solid black line and the solid red line infigure 3(c) for the FQ and

Figure 3. Spin squeezing in theOAT regime for initial spin coherent state ∣q fñ = p, , 0
2

. (a) and (b)The spin squeezing that can be
achieved for various values of the detuningΔ and driveΩ for ancillary system relaxation (a) g = 0, (b) ¯g l= ´ N0.0265 . (c)The
time evolution of the spin squeezing parameter for W = 0 and for two different values ofΔ. Comparing the solid lineswith the dashed
lines we see that the spin squeezing is robust to ancillary system relaxation and can even be improved by it (solid red line versus dashed
red line). Allfigures were plotted usingmaster equation (6) andHamiltonian equation (10) and for aflux qubit ancillary systemwith
N=40, l̄ p= ´2 12 kHz, h = 0, dl = 0, dw = 0. For comparison, the horizontal black dotted line in (c) shows the level of
optimum spin squeezing for perfectOAT, i.e., the optimum squeezing due to the effectiveHamiltonian equation (13).
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NVmodel. The detuning l̄D = N2 for the solid red line, is an order ofmagnitude smaller than l̄D = N20 for
the solid black line, so that the optimum spin squeezing is achieved an order ofmagnitude faster. However, the
minimum spin squeezing xmint

2 is degraded compared to the optimal squeezing (the horizontal black dotted
line). This difference between the optimumand theminumumof the solid red curve shows the importance of
using the fullmaster equation (6) instead of the effectivemaster equation (12) for smaller values ofΔ.
Interestingly, ifΔ is not quite large enough to satisfy ¯ lD N ,flux qubit relaxation can significantly improve
the approximation so long as the effect of collective relaxation on theOAT is still negligible, i.e, provided that
 gD . This is shownby the dotted red line infigure 3(c) for the FQ andNVmodel with ¯g l= ´ N0.0265 .

With this realistic amount offlux qubit relaxation the squeezing can be significantly improved compared to
g = 0 (the solid red line). This improvement of the spin squeezing by ancillary system relaxationmay be
surprising onfirst sight, since inmostmodels any formof decoherence is an unwanted influence on the
dynamics.However, the effect of the relaxation is to suppress excitation of the ancillary system. This, in turn,
inhibits entanglement between the ancillary system and the spin system, whichwould be damaging to the spin
squeezing. If we choose l̄D = N2 the optimum squeezing time forN=500 spinswith the FQ andNV
implementation is reduced to m=t 250 sopt . Similarly, the optimum squeezing time for theMR and donor spins
implementation is decreased to =t 160 msopt .

4.2. Realistic case, with dynamical decoupling
Wenow consider the effect of inhomogeneous broadening and inhomogeneous couplings on theOAT spin
squeezing. In this case, since the state space dimension increases exponentially in the number of spins,N, our
numerics are restricted to a small number of spins,N=6. Infigure 4(a) the solid red line shows the spin
squeezing including the effect of inhomogeneous couplings ĤIC and inhomogeneous broadening ĤIB in the FQ
andNVmodel, using the value dl p= ´2 1 kHz that was estimated for the standard deviation of the couplings

( )l i , and spin frequencies wi chosen at random fromaGaussian distributionwith standard deviation
dw p= ´2 3 kHz. The dynamics are averaged over 100 evolutions to removefluctuations due to the
randomness of the wi. Similarly, the solid red line infigure 4(b) shows the spin squeezing including
inhomogeneities with theMRmodel parameters. For both implementations, we see that the spin squeezing is
degraded, although there is a small amount of spin squeezing at very short times for theMRmodel parameters in
figure 4(b). Further numerics have shown that the decay of spin squeezing is primarily due to the
inhomogeneous broadening term ĤIB rather than inhomogeneous coupling term ĤIC. In fact, for the relatively
homogeneous couplings achieved in the setups illustrated infigure 2, the inhomogeneous coupling term ĤIC

can be safely neglected for timescales of interest. To understand the damaging effect of the inhomogeneous
broadeningwe note that theHamiltonian ĤIB causes each spin to evolve around its Bloch sphere at a different
rate determined by the frequency ¯w w-i . For aGaussian distibution of wi, this dephasing leads toGaussian

decay of ∣ ˆ ∣


á ñJ , themagnitude of themean spin vector, with a decay time ( )dw -1. Since theWineland squeezing

parameter x2 is inversely proportional to ∣ ˆ ∣


á ñJ 2, decay of themean spin vector leads to an increase in the
squeezing parameter.

It is well known that for evolution by ĤIB, a single p-pulse at some time t leads to a spin echo at the time t2 ,
where the p-pulse is an instantaneous rotation ˆ ( ) [ ( ˆ ˆ )]p f p f f= - -R J J, exp i sin cosx y by an angleπ about
an axis on the equator of the Bloch sphere of each spin. Crucially, the p-pulse also commutes with theOAT

operator Ĵz
2
so that a p-pulse at some time t has the effect of undoing the inhomogeneous broadening at time

t2 without affecting the spin squeezing byOAT [49]. To see this we consider the effectivemaster equation (12) in
theOAT regime  gD . Assuming W = 0, dl = 0 and neglecting collective relaxation, the spin system evolves
by

˙ [ ˆ ˆ ˆ ˆ · ˆ ] ( )
 


  r c c c r= - + - -H J J J J

i
, . 15z zs IB eff

2
eff eff s

If at time τwe apply theπ-pulse operator ˆ ( )p fR , , the state is transformed to ( ) ˆ ( ) ( ) ˆ ( )†r t p f r t p f¢ = R R, ,s s
and the evolution equation for the following period of time t>t is:

˙ [ ˆ ˆ ˆ ˆ · ˆ ] ( )
 


  r c c c r¢ = - + - - ¢H J J J J

i
, . 16z zs IB eff

2
eff eff s

Operating on equation (16) on the left by ˆ ( )† p fR , and on the right by ˆ ( )p fR , gives, for t>t , the evolution
equation:

˙ [ ˆ ˆ ˆ ˆ · ˆ ] ( )
 


  r c c c r= - - + + -H J J J J

i
, , 17z zs IB eff

2
eff eff s

wherewe have used ˆ ( ) ˆ ˆ ( ) ˆ† p f p f = -R H R H, ,IB IB, ˆ ( ) ˆ ˆ ( ) ˆ† p f p f = -R J R J, ,z z ,
ˆ ( )( ˆ · ˆ ) ˆ ( ) ˆ · ˆ†

   
p f p f =R J J R J J, , , and the important property ˆ ( ) ˆ ˆ ( ) ˆ† p f p f =R J R J, ,z z

2 2
. Comparing
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equations (15) and (17) shows that the effect of theπ-pulse is to reverse the sign of the inhomogeneous

broadeningHamiltonian ĤIB in the following period of evolution, without changing theOAToperator Ĵz
2
.

Equations (15) and (17) are easily solved to give the combined unitary evolution operator:

ˆ ( ) ( ) ( ˆ ˆ ˆ ˆ · ˆ )

( ˆ ˆ ˆ ˆ · ˆ )

 

 


  


  

t
c c c

t
c c c

= -
-

- + + -

´ - + - -

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

U t
t

H J J J J

H J J J J

exp
i

exp
i

,

z z

z z

IB eff
2

eff eff

IB eff
2

eff eff

for times t>t . The operators in the two exponents above commute, so that at t=t 2 wehave

ˆ ( ) ( ˆ ˆ · ˆ ) ( )
 


 t

t
c c= - -

⎡
⎣⎢

⎤
⎦⎥U J J J2 exp

i2
. 18zeff

2
eff

We see that at this time there is a spin-echo (the inhomogeneous broadeningHamiltonian ĤIB has been
cancelled), but that theOAT squeezing is unaffected.However, in a real system the higher order terms in the
effectiveHamiltonianwill also contribute to the dynamics.We have performed numerics that show that for
evolution by theHamiltonian equation (10), which includes higher-order terms, a single p-pulse does not
completely recover the spin squeezing even if the approximation conditions equation (11) are satisfied. This is
because the single p-pulse does not refocus the spin dephasing due to higher order inhomogeneous terms in the
effective dynamics. To fully preserve the spin squeezing amore complicated dynamical decoupling pulse

Figure 4. For both (a) the FQ andNV implementation, and (b) theMRand donor spins implementation, the spin squeezing is badly
degraded by inhomogeneous broadening (the solid red lines) but can be completely recovered by dynamical decouplingwith a
concatenated-XY8 pulse sequence (dashed red lines). TheXY8 pulse sequence is ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆp p p p p p p p= - - - - - - -C x y x y y x y x ,
where p̂x represents theπ-pulse ˆ ( ) [ ˆ ]p p p= -R J, 2 exp i x , p̂y represents theπ-pulse ˆ ( ) [ ˆ ]p p=R J, 0 exp i y , and each dash represents
free evolution for a time τ. The concatenated-XY8 pulse sequence is [15]

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆp p p p p p p p- - - - - - - - - - - - - - -C C C C C C C Cx y x y y x y x , a sequence of 72π-pulses in total, ending at
l̄ »t 50 in both (a) and (b). Each line in thefigures is averaged over 100 evolutions to remove random fluctuations. Horizontal dotted
lines show the optimum spin squeezing byOAT. (Figure (a) parameters:N=6, l̄ p= ´2 12 kHz, ¯g l= ´ N0.0265 ,

l̄D = N20 , W = 0, h = 0, t = 0.01 ms; figure (b) parameters:N=6, l̄ p= ´2 56 Hz , ¯g l= ´ N0.1 , l̄D = N20 , W = 0,
h = 0, t = 1 ms.)
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sequence is required.We have tried various pulse sequences numerically and found that spin squeezing can be
completely recovered for a sequence of alternating ˆ ( )pR , 0 and ˆ ( )p pR , 2 pulses, as shown infigure 4 (the
dashed red line). The pulse sequence, known as concatenated-XY8, has recently been implemented
experimentally to increase the coherence time of an ensemble of nitrogen-vacancy centres to~30 ms [15].

Finally, we note that thismodel forOAThas been discussed by previous authors for an ancillary Bosonic
mode [35, 49]. However, compared to previous work, we highlight the robustness of spin squeezing to ancillary
systemdissipation, andwe demonstrate that ancillary systemdissipation can even play a positive role in the
generation of spin squeezed states.We have also demonstrated the feasibility of spin squeezing in the two
implementations considered, andwe have shown that inhomogeneous broadening can be overcome by the
concatenated-XY8 pulse sequence.

4.3. Realistic case, without dynamical decoupling pulses
Apractical challenge in the spin squeezingmethod outlined above is the application of accurate dynamical
decoupling pulses to the spin system. For example, we have assumed that eachπ-pulse has no errors and that it
can be implemented instantaneously. In reality, however, aπ-pulse cannot be implemented instantaneously,
and if there are errors in each of the pulses in a sequence, these errorsmay accumulate, leading to degradation of

the spin squeezing.Moreover, the preparation of the spin coherent state ∣q fñ = p, , 0
2

requires a pulse that

rotates each of the spins equally. If each spin is rotated by a slightly different angle, this introduces
inhomogeneous broadening to the system and damages the spin squeezing. In this sectionwe suggest an
alternative approach that generates spin squeezing byOATwithout the need for dynamical decoupling pulses
and starting from the spin coherent state ∣ ∣q fñ = ñ, 0, 0 that can be preparedwithout applying a pulse to rotate
the spins.

To showhow this works, we derive another effectiveHamiltonian in theOAT regime (  gG » D ) starting
from Ĥeff (equation (13)). First, we rotate Ĥeff to an interaction frame defined by the unitary transformation
ˆ ( ) [ · ˆ ] 
¢ = - W hU t t n Jexp i . In the rotating frame theHamiltonian is

ˆ ˆ ( )( ˆ ˆ ˆ · ˆ ) ˆ ( ) ( )†  
c¢ = ¢ - - ¢H U t J J J J U t 19z zeff eff

2

}

{ ( · ˆ ) ˆ · ˆ ( ) ˆ

( )( · ˆ ) ( ) [ ˆ ( · ˆ ) ]

( ) [ ˆ ( · ˆ ) ( · ˆ ) ˆ ] ( )

   

   

   

c= - - - W

- W +
W

-

+
W

+

h

h h

h h

+ +

+ +

p p

p p

n J J J t J

t n J
t

J n J

t
J n J n J J

1

2

1

2
cos

sin
cos 2

2
sin 2

2
. 20

z

z

z z

eff
2

2 2
2 2

2 2

If the parameterΩ is large enough to satisfy the condition  cW N eff we canmake a rotatingwave
approximation by neglecting quickly oscillating terms in equation (20). The resulting effectiveHamiltonian is:

ˆ ( · ˆ ) ˆ · ˆ ( )    c c¢ » - -hH n J J J
2 2

. 21eff
eff 2 eff

Intuitively, this is the effectiveHamiltonian that results from averaging Ĥeff over rapid oscillations around the
hn -axis due to the large driveΩ. Compared to the effectiveHamiltonian Ĥeff (equation (13)), the key feature of
ˆ ¢Heff (equation (21)) is that theOAT term is ( · ˆ ) 

hn J 2 rather than Ĵz
2
. For instance, if h = 0we have

( · ˆ ) ˆ 
=n J Jx0

2 2
, or if h p= 2we have ( · ˆ ) ˆ 

=pn J Jy2
2 2

. Regardless of the value of the phase η of the driving
field, preparation of the spin coherent state ∣ ∣q fñ = ñ, 0, 0 will lead to themost spin squeezingwith thisOAT
term. This is convenient because the state ∣ ∣q fñ = ñ, 0, 0 can typically be prepared by cooling or by optical
pumping, without the need for electromagnetic pulses to rotate the spins. Interestingly, the ability to easily

change the axis of the spin squeezing term ( · ˆ ) 
hn J 2 by changing η can be exploited to increase the spin squeezing

to theHeisenberg limit using optimal control techniques [50].We note that in our scheme, this does not require
control pulses as in [50, 51], but can be achieved by simply shifting the phase η of the spin driving field.

By substituting the expression for ceff into the approximation condition  cW N eff that leads to
equation (21), the condition becomes

¯ ¯
( ) l l

W
D
G

»
D

N N
, 22

2

2

2

where on the right-hand sidewe have used the approximation G » D, which is valid in theOAT regime. Since
(from equation (11))we also have ¯ lG » D N , the condition equation (22) is easily satisfied for spin driveΩ
comparable to (or greater than) the coupling strength l̄.We note, however, that althoughΩ should be largewe
mustmaintain G » D W to ensure consistencywith our previous approximation conditions in
equation (11).
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Wenowpresent some numerical results. Neglecting inhomogeneous broadening and inhomogeneous
couplings, we plot theminimum spin squeezing xmint

2 as a function of the experimentally adjustable
parametersΔ andΩ for the initial state ∣ ∣q fñ = ñ, 0, 0 and for a realistic amount of ancillary system relaxation
γ. This is shown for the FQ andNVmodel infigure 5(a). The correspoding plot for theMRmodel is not shown
as it is qualitatively similar.We see infigure 5(a) that there are awide range of values ofΔ andΩ that give
significant spin squeezing. Infigure 5(b)weplot the time evolution of the spin squeezing parameter x2 for
several choices of the detuningΔ and theflux qubit driveΩ, again for the FQ andNVmodel parameters.
Interestingly, even if the condition ¯ lD N is not well-satisfied, e.g. for l̄D = N2 , it is still possible to achieve
a level of spin squeezing that is comparable to the optimal squeezing (the horizontal dotted black line in
figure 5(b)). This is somewhat surprising sincewe expect such a decrease inΔ to damage the spin squeezing, as in
figure 3(c). However, since the spin squeezing is not degraded, it is preferable to choose the smaller value

l̄D = N2 as the squeezing dynamics are faster in this case.
With this inmind, we estimate the optimum squeezing time for the FQ andNV implementation, with

l̄D = N2 ,N=500 and l̄ p= ´2 12 kHz.Wefind that m=t 500 sopt . This is a factor of two longer than the

corresponding time for theOATdynamics in section 4.1 because theOAT coefficient c 2eff in ˆ ¢Heff

(equation (21)) is a factor of two smaller than theOAT coefficient in Ĥeff (equation (13)). Similarly, in theMR
model, the optimum squeezing time for = ´N 1.2 104 spins and detuning l̄D = N2 is estimated to
be =t 320 msopt .

Finally, we consider inhomogeneous broadening and inhomogeneous couplings. If, in addition to
equation (22), we have  dwW , the inhomogeneous broadeningHamiltonian in the interaction frame,
ˆ ( ) ˆ ˆ ( )†¢ ¢U t H U tIB , is quickly oscillating and is suppressed in the rotatingwave approximation. This is plotted for
the FQ andNVdevice infigure 6(a), where the dashed lines show the spin squeezing forN=6 spins interacting
with a dissipative flux qubit with dl p= ´2 1 kHz and dw p= ´2 3 kHz. For l̄D = N20 (the dashed black
line), the spin squeezing is slightly degraded compared to the ideal spin squeezing (the solid black line). This is
due to higher order inhomogeneous terms that are not suppressed by the spin drive. However, for smaller
detuning l̄D = N4 the spin squeezing is achievedmore quickly and inhomogeneous broadening is almost
completely suppressed (the dashed red line). Figure 6(b) shows the corresponding plot for theMR and donor
spins implementation.

5. Spin squeezing byDCR

In this sectionwe consider spin squeezing in theDCR regime of our effectivemaster equation (12), that is, when
 gD » G. To easily access this parameter regimewe assume that the ancillary system is highly dissipative

with ¯g l= N20 .We note that this value of ancillary system relaxation is almost three orders ofmagnitude
stronger than the value ¯g l= ´ N0.0265 that we used in the previous section for the FQ andNVmodel, and
200 times larger than ¯g l= N0.1 for theMRand donor spinsmodel.

Figure 5. Spin squeezing in theOAT regime (  gD ) for initial spin coherent state ∣ ∣q fñ = ñ, 0, 0 . (a)The squeezing that can be
achieved for various values of the detuningΔ and driveΩ. (b)The time evolution of the squeezing parameter for several values ofΔ
andΩ. Both (a) and (b) are plottedwith homogeneous couplings (dl = 0), no inhomogeneous broadening (dw = 0), andN=40.
Both figures were plotted for aflux qubit ancillary systemwith l̄ p= ´2 12 kHz and ¯g l= ´ N0.0265 , usingmaster equation (6)
andHamiltonian equation (10). For comparison, the horizontal dotted black line in (b) shows the optimum spin squeezing byOAT.
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5.1. Ideal case
Again, we begin by neglecting inhomogeneous broadening and inhomogeneous couplings. Infigure 7(a), for the
FQ andNVmodel, we plot xmint

2 as a function of the detuningΔ and the spin driveΩ for the easily prepared
initial state ∣ ∣q fñ = ñ, 0, 0 .We see that for a range of values ofΔ andΩ there is significant spin squeezing during
the evolution. Infigure 7(b)we plot the time evolution of the spin squeezing for various choices ofΔ andΩ. As
expected [28, 29], we see steady state spin squeezing for a carefully chosen value of the spin driveΩ (the black
line,figure 7(b)).We have verified numerically that for these parameters the steady state of themaster
equation (6)with theHamiltonian equation (10) is indeed squeezed.

5.2. Realistic case, dynamical decoupling
Wenow consider the effect of inhomogeneous broadening and inhomogeneous couplings onDCR spin
squeezing. In this case our numerics are limited to a small number of spinsN=6. For simplicity we also assume
thatD = 0, i.e., the ancillary system and the spin system are resonant, so that the effectiveHamiltonian

equation (13) only includes the spin drive term ˆ · ˆ 
= W hH n Jeff , and the effectivemaster equation is of the

form equation (5). For the FQ andNVmodel, the red line infigure 8(a) shows that for dw p= ´2 3 kHz and
dl p= ´2 1 kHz the spin squeezing is quickly degraded. The red line infigure 8(b) shows that the
inhomogeneities have a similar effect on spin squeezing for the parameters in theMRmodel. Further numerics
have shown that, as withOAT, this is primarily due to the inhomogeneous broadening ĤIB. Unfortunately, the
dynamical decoupling approach that was taken to protect spin squeezing against inhomogenous broadening in
the previous section forOATwill not work forDCR. This is because for spin squeezing byOAT, theπ-pulse

Figure 6. Spin squeezing including inhomogeneous broadening and inhomgogeneous couplings (the dotted lines) for (a) the FQ and
NV implemementation (dl p= ´2 1 kHz, dw p= ´2 3 kHz), and (b) theMRand donor spins implementation
(dl p= ´2 4 Hz, dw p= ´2 15 Hz). For comparison, the solid lines show spin squeezingwhen there is no inhomogeneity
(dl dw= =0, 0). The effect of inhomogeneous broadening is significantly suppressed due to the spin drive  dwW . In figure (a),
l̄ p= ´2 12 kHz and ¯g l= ´ N0.0265 , and infigure (b), l̄ p= ´2 56 Hz and ¯g l= ´ N0.1 . Both (a) and (b) are plotted for
N=6 and initial state ∣ ∣q fñ = ñ, 0, 0 and the dotted lines are averaged over 100 evolutions to remove random fluctuations.
Horizontal dotted lines show the optimum spin squeezing byOAT.
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Figure 7. Spin squeezing in theDCR regime ( ¯ g lD = N20 ). (a)The optimum squeezing that can be achieved for various values of
the detuningΔ and driveΩ. (b)A carefully chosenΩ leads to steady state spin squeezing (the black line). Bothfigures were plotted for
the flux qubit ancillary systemusingmaster equation (6) andHamiltonian equation (10), withN=40, l̄ p= ´2 12 kHz , dl = 0,
dw = 0, ¯g l= N20 , and initial state ∣ ∣q fñ = ñ, 0, 0 .

Figure 8. For both (a) the FQ andNV implementation, and (b) theMRand donor spins implementation, the inhomogeneous

broadening destroys spin squeezing (the solid red lines) but can be counteredwith a sequence of operations ˆ pRS – ˆ†
pR S – ˆ pRS – ˆ†

pR S

–..., where each operation is composed of a rotation ˆ ˆ ( )q h= -R R 2 ,ss (or its inverse ˆ†
R ) thatmimics a reflection of the spin state, and

a shift h h p + in the phase of the spin drive, represented by pS . In the dotted red lineswe have applied 100 such operationswith a
free evolution time τ between them. Each line in thefigures above is averaged over 100 evolutions to remove random fluctuations.
(Forfigure (a),N=6, l̄ p= ´2 12 kHz,D = 0, l̄W = 0.07 , ¯g l= N20 , t = 0.01 ms, and the initial state is ∣ ∣q f q fñ = ñ, ,ss ss .
For figure (b),N=6, l̄ p= ´2 56 Hz ,D = 0, l̄W = 0.07 , ¯g l= N20 , t = 1 ms, and the initial state is ∣ ∣q f q fñ = ñ, ,ss ss .)
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operator ˆ ( ) [ ( ˆ ˆ )]p f p f f= - -R J J, exp i sin cosx y has the convenient property that it commutes with theOAT

operator Ĵz
2
so that ˆ ( ) ˆ ˆ ( ) ˆ† p f p f =R J R J, ,z z

2 2
and the spin squeezing is not disrupted by theπ-pulse. ForDCR,

however, theπ-pulse operator ˆ ( )p fR , will disrupt theDCR squeezingmechanism. To see this we start from the
effectivemaster equation (12) in theDCR regime  gD (assumingD = 0 and dl = 0):

˙ [ ˆ · ˆ ] [ ˆ ]( ) ( ) 


 r r g r= - + W +h -H n J J

i
, . 23s IB s eff s

If at time τwe apply theπ-pulse operator ˆ ( )p fR , , the state is transformed to ( ) ˆ ( ) ( ) ˆ ( )†r t p f r t p f¢ = R R, ,s s
and themaster equation for the following period of time t>t is:

˙ [ ˆ · ˆ ] [ ˆ ]( ) ( ) 


 r r g r¢ = - + W ¢ + ¢h -H n J J

i
, . 24s IB s eff s

Operating on equation (24) on the left by ˆ ( )† p fR , and on the right by ˆ ( )p fR , gives (for t>t ) the evolution
equation:

˙ [ ˆ ˆ ( · ˆ ) ˆ ] [ ˆ ]( ) ( )†  


 r r g r= - - + W +h +H R n J R J

i
, , 25s IB s eff s

wherewe have used ˆ ( ) ˆ ˆ ( ) ˆ† p f p f = -R H R H, ,IB IB and ˆ ( ) ˆ ˆ ( ) ˆ† p f p f = - f
-

-
+R J R J, , e 2i . Comparing

equations (23) and (25) shows that the effect of theπ-pulse is to reverse the sign of the inhomogeneous
broadeningHamiltonian ĤIB in the following period of evolution.However, unlike forOAT, theDCR spin
squeezingmechanism is also disrupted by theπ-pulse, since the collective relaxation operator is transformed
from -̂J to +̂J . For example, if the systemwas in the steady state of theDCRmaster equation before theπ-pulse,
then after theπ-pulse it will be far from the steady state.

However, the desired effect can be achieved by a reflection of each spin at time τ through a plane in the Bloch
sphere that contains the


z -axis and the vector


hn . Such a reflection is implemented by the complex conjugation

operator V̂ , with the assumption that for each spin thematrix elements of ˆ ( )sz
i , · ˆ ( ) 

shn
i
and · ˆ ( ) 

sh p+n
i

2 are:

( )ˆ ( )( )s =
-

1 0
0 1

, 26z
i

( )· ˆ ( )( ) 
s =hn 0 1

1 0
, 27

i

( )· ˆ ( )( ) 
s = -

h p+n 0 i
i 0

. 28
i

2

This gives:

ˆ ˆ ˆ ˆ
ˆ ( · ˆ ) ˆ · ˆ

ˆ ( · ˆ ) ˆ · ˆ ( )

( ) ( )

( ) ( )

( ) ( )

   

   

s s

s s

s s

=

=

=-

h h

h p h p

-

-

+
-

+

V V

V n V n

V n V n

,

,

. 29

z
i

z
i

i i

i i

1

1

2
1

2

Applying the complex conjugation operator to the spin state at time τ transforms the state to
( ) ˆ ( ) ˆr t r t¢ = -

V Vs s
1. Themaster equation for the following period of evolution is:

˙ [ ˆ · ˆ ] [ ˆ ]( ) ( ) 


 r r g r¢ = - + W ¢ + ¢h -H n J J

i
, . 30s IB s eff s

Operating on equation (30) on the left by ˆ-V
1
and on the right by V̂ gives, for t>t , the evolution equation:

˙ [ ˆ · ˆ ] [ ˆ ]( ) ( ) 


 r r g r= - - - W +h -H n J J

i
, , 31s IB s eff s

wherewe have used ˆ ˆ = --
V Vi i

1
, ˆ ˆ ˆ ˆ=-
V H V H

1
IB IB, ˆ ( · ˆ ) ˆ · ˆ   

=h h
-

V n J V n J
1

and ˆ ˆ ˆ ˆ=-
- -V J V J

1
. Comparing

equations (23) and (31)we see that the sign of the inhomogeneous broadeningHamiltonian ĤIB is reversed and

the Lindblad term is unchanged, as desired. However, the spin drive term is also transformed from · ˆ 
W hn J to

· ˆ 
-W hn J . This can easily be corrected by shifting the phase of the spin drive h h p + so that

· ˆ · ˆ   
-W  Wh hn J n J , which finally gives:

˙ [ ˆ · ˆ ] [ ˆ ]( ) ( ) 


 r r g r= - - + W +h -H n J J

i
, . 32s IB s eff s

Equation (32) is identical to equation (23), apart from a reversal of the inhomogeneous broadening.We note
that this operationmust be repeatedmany times, with a short free evolution time τ between each operation,
since the dynamics before the reflection and phase-shift does not commutewith the dynamics afterwards.
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Finally, we note that the reflection is an unphysical transformation, since the complex conjugation operator
is anti-unitary. However, for some states, we can apply rotations that have the same effect as a reflection. For
example, reflecting each spin of the spin coherent state ∣q p ñ, 2 in the xz-plane of its Bloch sphere gives the state

∣q p- ñ, 2 . Clearly, this transformation can also be implemented by a rotation ˆ ( ) [ ˆ ]q p q- =R J2 , 2 exp i2 x of
each spin around the x-axis. The angle of rotation q2 depends on the spin coherent state parameter θ. For
simplicity, we assume that the spin system is prepared in a spin coherent state that is ‘close’ to the steady state.
We take this to be the state ∣q f ñ,ss ss , where the angle ( ˆ )q = - á ñ- J Ncos 2 zss

1
ss is determined by the expectation

value ˆá ñJz ss in the steady state and ( ˆ ˆ )f h= á ñ á ñ = + p- J Jtan y xss
1

ss ss 2
. This simplifies the procedure because the

rotation thatmimics the reflection of the state does not have to be changed as the system evolves. The rotation is
ˆ ( )q h-R 2 ,ss , which, for example, transforms the state q h + p,ss 2

to q h - p,ss 2
, the reflection of the state

through the plane that contains the

z -axis and the vector


hn . The result of repeating this operationmany times is

plotted in the dashed red lines,figure 8.We see that the inhomogeneous broadening can be significantly
suppressed by this procedure and that some spin squeezing can be recovered.We note that itmay be possible to
get a further improvement by alternating reflections of the state in the plane containing the


z -axis and


hn with

those in the orthogonal plane containing the

z -axis and

 
´hn z . This would be analagous to the alternatingπ-

pulses around two orthogonal axes in the concatenated-XY8 pulse sequence in section 4.2.

6. Conclusion

Wehave shown that a singlemodel—the interaction of a spin systemwith a dissipative ancillary system—can
lead to spin squeezing by two distinctmechanisms:OAT andDCR. In either case, spin squeezing is generated
even though the ancillary system coherence time ismuch smaller than the duration of the squeezing process.
This is possible becausewe have adiabatically eliminated the ancillary system, which stays close to its ground
state throughout the squeezing process.We focus on two possible implementations, with either a
superconducting flux qubit or a superconductingMRplaying the role of the ancillary system.With dynamical
decouplingwe have shownnumerically that both spin squeezingmechanims are robust to inhomogeneities in
themodel. In practice, the dynamical decoupling pulsesmay introduce errors that reduce the spin squeezing.
However, we have also shown that by driving the spin system it is possible to generate robust OAT spin squeezing
without the need for electromagnetic pulses. This flexibility—squeezing can be generated in disparate parameter
regimes and for a variety of practical requirements—is, we believe, a strength of thismodel.We conclude that
spin squeezing of hundreds of solid state electron spins should be experimentally feasible in thismodel with
current or near future technology.

Finally, we estimate the sensitivity of amagnetic fieldmeasurement that can be achieved using a spin system
prepared in a squeezed state.We assume that the squeezed state is prepared byOAT, since this leads tomore spin
squeezing thanDCR.We also assume that the spin system is undergoing non-Markovian dephasing during the
field sensing period. In this case, using the recent results of [13], we estimate that for our FQ andNV

implementation amagnetic fieldB can bemeasuredwith sensitivity d = -B T 1.4 pT Hz
1
2 whereT is the total

sensing time (see appendix B for details). This is a factor of∼2.7 times improvement over the best sensitivity that
can be achieved using a separable state of the spins. Such amagnetic field sensor would also have a very good
spatial resolution m~2 m, as determined by the size of the diamond sample. For theMR and donor spin

implementation, we estimate d = -B T 10 fT Hz
1
2 , a factor of∼4.1 improvement over the best sensitivity that

can be achieved using a separable state of the donor spins (see appendix B for details), and a spatial resolution
~1 mm. There is better sensitivity for theMR implementation than for the FQ implementation since it employs
a higher number of spins, and because these spins are donor electrons in silicon, which havemuch longer
coherence times thanNV centres [16]. However, the spatial resolution is worse since the sample coupled to the
MR is larger than the sample coupled to the FQ (see figure 2). By using aflux qubit ancillary systemwith
N=500 donor spins in siliconwe could combine the best features of both implementations, giving a sensitivity

d = -B T 75 fT Hz
1
2 and a spatial resolution m~2 m. Infigure 9we showhow such amagnetometer would

comparewith the reported sensitivies of some existing state-of-the-artmagnetometers. Relative to these existing
devices, our proposedmagnetometer would occupy an unexplored region of high sensitivity and high spatial
resolution. The sensitivity, and the advantage of using a squeezed state instead of a separable state, can be
improved by generating a squeezed state with a larger number of spins. To do this, the challenge is to couple a
larger number of spins to the ancillary system, whilemaintaining long coherence times and strong, relatively
homogeneous coupling.We note that this should be possible as experimental techniques advance. For example,
if a superconducting circuit can be arranged in aHelmholz coil configuration, that is, with two superconducting
solenoids separated by the solenoid radius, then the coupling to a spin ensemble placed between the solenoids
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will be stronger, andmore homogeneous over a larger spatial region than for the setups infigure 2. This would
enable the generation ofmuch larger spin squeezed states.
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AppendixA.Derivation of effectivemaster equation

Toderive the effectivemaster equation (12)we follow the procedure developed by Reiter and Sorensen [36] for
adiabatic elimination in an open quantum system. The starting point is themaster equation (6),
˙ [ ˆ ] [ ˆ]( )


r r g r= - +H A,i , where the Lindblad operator ˆ ∣ ∣= å + ñá +=

-A n n n1 1n
d

0
2 represents

dissipation of energy into the ground state of the ancillary system. The projector onto the ancillary system
ground state is denoted ˆ ∣ ∣= ñáP 0 0g , while ˆ ˆ ∣ ∣= - = å ñá=

-P P n nn
d

e g 1
1 projects onto the excited subspace. This

allows theHamiltonian to bewritten as ˆ ( ˆ ˆ ) ˆ ( ˆ ˆ ) ˆ ˆ ˆ ˆ= + + = + + ++ -H P P H P P V V V Vg e g e g e , where

ˆ ˆ ˆ ˆ ( · ˆ ˆ ) ˆ

ˆ ˆ ˆ ˆ ( · ˆ ˆ ) ˆ ∣ ∣

 

 


  å

= = W + Ä

= = W + Ä + D ñá

h

h
=

-

V P HP n J H P

V P HP n J H P n n n

,

,
n

d

g g g IB g

e e e IB e
1

1

describe the dynamics within the ground and excited subspaces respectively, while

ˆ ˆ ˆ ˆ ¯ ˆ ∣ ∣
ˆ ˆ ˆ ˆ ¯ ˆ ∣ ∣





l

l

= = Ä ñá

= = Ä ñá

+ -

- +

V P HP J

V P HP J

1 0 ,

0 1 ,

e g

g e

give the dynamics that connects the two subspaces.
The Reiter–Sorensen procedure gives a prescription for the derivation of an effectivemaster equation under

the assumptions that the dynamics due to V̂g and ̂V aremuch slower than either the dissipative dynamics or the

dynamics due to V̂e. In ourmodel this requirement is satisfied if ¯ lG N , G W and  dwG , where

gG = D + 42 2 . According to the Reiter–Sorensen procedure, the resulting effectivemaster equation is

˙ [ ˆ ] [ ˆ ]( )


r r r= - +V L,i
eff eff with effectiveHamiltonian and Lindblad operators

ˆ ˆ [ ˆ ( ˆ ) ] ˆ ˆ ( )†= - + +-
- -

+V V V V V V
1

2
, A1eff NH

1
NH

1
g

ˆ ˆ ˆ ˆ ( )g=
-

+L AV V , A2eff NH
1

Figure 9.Comparison of the proposed spin squeezedmagnetometer (the black star; based on a flux qubit and donor spins
implementation)with reported values for existing devices [52–64].
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where

ˆ ˆ ˆ ˆ

( · ˆ ˆ ) ˆ ∣ ∣ ( )

†

 



  å

g

g

= -

= W + Ä + D - ñáh
=

-
⎜ ⎟⎛
⎝

⎞
⎠

V V A A

n J H P n n n

i

2

i

2
. A3

n

d

NH e

IB e
1

1

We refer the reader to [36] for a derivation of the effective operators equations (A1)–(A3). (The essence of the
approximation is that the dynamics due to V̂g and ̂V are perturbatively small compared to the dynamics due to

the (non-Hermitian)Hamiltonian V̂NH, allowing adiabatic elimination of the excited subspace.)
Sincewe have already assumed that { } dwG Wmax , , we can approximate

ˆ
( )

∣ ∣ ( )
 åg

»
D -

ñá
-

=

-

V
n

n n
1

i 2

1
A4

n

d

NH
1

1

1

∣ ∣ ( )
 åg

=
D +

G
ñá

=

-

n
n n

i 2 1
. A5

n

d

2
1

1

Substituting equation (A5) into equations (A1) and (A2) gives:

ˆ · ˆ ˆ ˆ ˆ ˆ ( ) 
  l

= W + -
D
G

Äh + -
⎛
⎝⎜

⎞
⎠⎟V n J H J J P , A6eff IB

2

2 g

ˆ ( ) ˆ ˆ ( )
gl g

=
D +
G

Ä-L J P
i 2

. A7eff 2 g

Wemay ignore the projector P̂g in equations (A6) and (A7) since the ancillary system remains in its ground state

throughout the evolution. Using the identity ˆ ˆ ˆ · ˆ ˆ ˆ
 

= - ++ -J J J J J Jz z
2

we see that the effectiveHamiltonian is
ˆ ˆ ˆ= +V H Heff IB eff , where Ĥeff is given by equation (13). It is also easy to verify that [ ˆ ]( ) [ ˆ ]( ) r r= gl

G -L Jeff

2

2 ,
resulting in the effectivemaster equation (12).

Appendix B.Magneticfield sensingwith the spin squeezed state

In [13], it was shown that the sensitivity ofmagnetic field estimation—taking non-Markovian dephasing of the
spins into account—is

( )

∣ ˆ ∣
( )


d

m
x

»
+

+
-

á ñ

g
⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟B T

g

t t

t N

N

J

2 e 1

2
, B1

t

e B

opt

2

2 2

2

s
2 2

where t is the sensing time for eachmeasurement, n=T t is the totalmeasurement time (ν is the number of
repetitions of themeasurement), g-

s
1 is the spin coherence time, topt is the time taken to prepare the spin

squeezed state, x2 is theWineland squeezing parameter, ge is the electron g-factor, mB is the Bohrmagneton, and
themagneticfield estimatate is obtained bymaking ameasurement of a collective spin observable in the
direction of least variance [13]. (Equation (B1) corresponds to equation (43) in the supplementarymaterial
of [13].)

For the FQ andNV implementation, we assume anNV coherence time g =- 30 mss
1 [15] andwe use

N=500, as estimated in section 3.2.1. Formagnetic field sensingwith a spin coherent state we assume

∣ ˆ ∣ ( )


x= á ñ = =t J
N

0,
2

, 1. B2opt
2

Substituting into these values into equation (B1)means that it is a function of t alone, that can beminimised

numerically with respect to t tofind the best achievable sensitivity for a separable state, d = -B T 3.8 pT Hz
1
2 .

For anOAT spin squeezed state of theNV centres we use m=t 250 sopt , as estimated in section 4.1,

∣ ˆ ∣ ( ) ( )


á ñ = Q-J N 2 cos 2N 1 [27] and [ ( ) ]
∣ ˆ ∣
x = - -

á ñ
N C1 1N

J

2

4

2

2
[27], where cQ = t2 eff opt and:

( )

( ) ( )

= - - Q

+ - Q +
Q Q

-

- -⎡
⎣⎢

⎤
⎦⎥

C
1

4
1 cos

1

4
1 cos 16 sin

2
cos

2
. B3

N

N N

2

2 2 2 2 4
1 2

Afterminimising equation (B1)with respect to t, this gives a sensitivity d = -B T 1.4 pT Hz
1
2 , a factor of∼2.7

improvement over a spin coherent state.
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For theMRand donor spins implementation, we assume a spin coherence time g = 10 ss [16] andwe use
= ´N 1.2 104, as estimated in section 3.2.2. For a spin coherent state, using the values in equation (B2) and

minimising equation (B1)with respect to t gives a sensitivity d = -B T 42 fT Hz
1
2 . For a squeezed state we

obtain d = -B T 10 fT Hz
1
2 , which is an improvement over the spin coherent state by a factor of∼4.1.

Finally, if theNV centres in the FQ implementation are replacedwith donor spins in silicon, we can combine
the good spatial resolution of the FQ implementationwith the good senstivity resulting from the long coherence
times of the donor spins. In this case, substitutingN=500 and g = 10 ss gives a sensitivity of

d = -B T 75 fT Hz
1
2 using anOAT squeezed state, and a spatial resolution m~2 m.
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