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Abstract Extracting the neutral hydrogen (HI) signal is a great challenge for cosmological 21 cm exper-
iments; both the astrophysical foregrounds and receiver noise are typically several orders of magnitude
greater than the 21 cm signal. However, the different properties of the 21 cm signal, foreground and noise
can be exploited to separate these components. The foregrounds are generally smooth or correlated over
the frequency space along a line of sight (LoS), while both the 21 cm signal and noise vary stochasti-
cally along the same LoS. The foreground can be removed by filtering out the smooth component in
frequency space. The receiver noise is basically uncorrelated for observations at different times, hence
for surveys it is also uncorrelated in different directions, while the 21 cm signal, which traces the large
scale structure, is correlated up to certain scales. In this exercise, we apply Wiener filters in frequency
and angular space to extract the 21 cm signals. We found that the method works well. Inaccurate knowl-
edge about the beam could degrade the reconstruction, but the overall result is still good, showing that
the method is fairly robust.

Key words: methods: data analysis — (cosmology:) dark ages, reionization, first stars — cosmology:

observations

1 INTRODUCTION

The neutral hydrogen 21 cm line is one of the most
promising tools to study the observable Universe.
Tomographic observation of the redshifted 21 cm line
could be used to reveal the evolution of the intergalac-
tic medium (IGM) throughout the Epoch of Reionization
(EoR) (Madau et al. 1997; Ciardi & Madau 2003), and
to map out the large scale structure and constrain cos-
mological parameters including the dark energy equation
of state (Chang et al. 2008; Mao et al. 2008). In prin-
ciple, it could even probe the cosmic dark age (Loeb
& Zaldarriaga 2004). Compared with the cosmic mi-
crowave background (CMB), which images the Universe
at the last scattering surface during the EoR, one advan-
tage of the redshifted 21 cm tomography signal as a cos-
mological probe is that it provides a three dimensional

(3D) map of the Universe at different redshifts, giving
more information and also showing how the Universe
evolved.

In recent years, a number of experiments set obser-
vation of 21 cm as one of their main scientific goals,
for example experiments with existing telescopes such
as the Green Bank Telescope (GBT; Chang et al. 2010;
Masui et al. 2013; Switzer et al. 2013), Giant Metrewave
Radio Telescope (GMRT; Paciga et al. 2011) and tele-
scopes that are newly built or being built, such as the 21
CentiMeter Array (21CMA; Zheng et al. 2016), Tianlai
(Chen 2012), Baryon acoustic oscillations In Neutral
Gas Observations (BINGO; Battye et al. 2013), LOw-
Frequency ARray (LOFAR; van Haarlem et al. 2013),
Murchison Widefield Array (MWA; Tingay et al. 2013),
Precision Array for Probing the Epoch of Re-ionization
(PAPER; Parsons et al. 2010), Canadian Hydrogen
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Intensity Mapping Experiment (CHIME; Bandura et al.
2014), Hydrogen Epoch of Reionization Array (HERA;
DeBoer et al. 2017), Five-hundred-meter Aperture
Spherical radio Telescope (FAST; Nan et al. 2011),
Square Kilometre Array (SKA; Huynh & Lazio 2013),
etc.

Although the redshifted 21 cm line can provide large
amounts of information about cosmology, its detection is
difficult. The cosmological 21 cm signal, whose bright-
ness temperature is ~0.14 mK at redshift 2~0.8 (Chang
et al. 2010; Masui et al. 2013), is highly contaminated by
foreground emissions whose brightness temperatures are
4-5 orders of magnitude higher (de Oliveira-Costa et al.
2008; Liu & Tegmark 2012). The foregrounds at low fre-
quency include primarily Galactic synchrotron emission
which originates from cosmic ray electrons moving in
the Galactic magnetic field, Galactic free-free emission
which is produced by free electrons scattering off ions
without being captured, and extragalactic radio sources
such as radio-loud galaxies and quasars (Shaver et al.
1999; Jeli¢ et al. 2008). Additionally, such observations
are also affected by radio frequency interference (RFI)
and propagation effects in the ionosphere.

Removing the foregrounds has been a big challenge
in the redshifted 21 cm experiments, and a number of
methods have been proposed and developed. The gen-
eral idea is to exploit the different properties of fore-
grounds and the cosmological 21 cm signal. Along one
line of sight (LoS), the cosmological 21 cm signal varies
with redshift or frequency randomly, while the astrophys-
ical foregrounds vary smoothly. The foreground can in
principle be removed by LoS fitting (Wang et al. 2006;
Gleser et al. 2008) or by cross-correlating data from dif-
ferent frequency bins (Santos et al. 2005). More recently,
blind or semi-blind methods, such as the Singular Value
Decomposition (SVD) method (Paciga et al. 2011; Masui
et al. 2013), Robust Principal Component Analysis
(Zuo et al. 2018) and Independent Component Analysis
(Chapman et al. 2012; Wolz et al. 2014), have been ap-
plied.

In this paper, we introduce a simple and fast method
which is based on the Wiener filter to extract the 21 cm
signal. The Wiener filter has been widely used in sig-
nal processing, especially for removing noise in time se-
ries or images. We use a simulation to demonstrate our
method.

The rest of this paper is structured as follows. In
Section 2, we describe the Wiener filter method in gen-
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eral and also describe the set up for our simulation. In
Section 3, we apply the method to simulated data and
present the results we obtained. Finally, we discuss a
number of relevant issues in the data processing and con-
clude in Section 4.

2 METHOD

In an HI intensity mapping survey experiment, the ob-
served sky emission is a mixture of the 21 cm signal,
noise and foregrounds. To extract the cosmologically in-
teresting 21 cm signal, different statistical properties are
used to separate them. On the relevant scale, the cosmo-
logical 21 cm signal varies stochastically, as the signal
strength at each frequency corresponds to the emission
of a specific redshift, and on large scales the densities
at each different position are independent of each other
(though there is correlation to some degree). By compar-
ison, the foreground varies smoothly in frequency space,
so it could in principle be distinguished from the 21 cm
line. In addition to the sky signals, the electronic circuitry
of the receiver also generates noise. After bandpass cal-
ibration, the noise could be approximated as zero-mean
white noise. Based on their different properties, it is pos-
sible, at least in principle, to extract the 21 cm signal from
the much stronger foregrounds and noise.

In an actual radio telescope, the data would be first
pre-processed to remove bad data (e.g. those with hard-
ware malfunction or radio frequency interference), cal-
ibrated, re-binned in frequency and time resolution, re-
arranged in predefined order, then used to form image
cubes with two angular dimensions and one frequency di-
mension. These steps will depend on the particular tele-
scope in question, e.g. the data from a single dish tele-
scope would be processed very differently from the data
collected by an interferometer array. Here, we will deal
with the data processing that occurs after these steps.
We will assume that an image cube has been obtained
through these steps.

Below we make the 21 cm signal extraction in two
steps. In the first step, we filter the data along each LoS to
remove the foreground component by using their differ-
ent properties. As a result, the foreground data could be
significantly suppressed, while the 21 cm signal and ther-
mal noise are kept. In the second step, we filter the data
in the two dimensional (2D) angular space, to remove
the randomly fluctuating noise signal, while keeping the
more stable and consistent 21 cm signal.
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2.1 Wiener Filter

We assume that in an experiment the observational data
y are linearly related to x, the physical quantity we try to
measure,

y=Ax+n, (1)

where A is the response matrix of the system and n is
random noise. We use boldface letters to denote vectors
and matrices, and T denotes matrix or vector transpose
(we assume the data are real numbers here). The covari-
ance matrices for the signal and noise are S = (xxT),
N = (nn") respectively. If S and N are known, an un-
biased estimate of the signal can be obtained by applying
a Wiener filter W to the data (Tegmark 1997),

X =Wy =SA"T [ASAT + N} Ty

The Wiener filter is optimal in the sense that it minimizes
the variance of the estimator

V= {(x-%)x"-&")

2.2 Simulation Setup

As the signal extraction utilizes our prior knowledge or
expectation of the 21 cm signal, foreground and noise, an
optimal filter depends on their statistics, so the properties
of a filter also depend on the particular problem. Here we
describe the basic setup we use in this exercise.

We consider the mid-redshift experiment aimed at
detecting the baryon acoustic oscillation (BAO) signal
of the large scale structure, such as the ongoing survey
projects with GBT (Masui et al. 2013; Switzer et al.
2013), and dedicated experiments such as Tianlai (Chen
2012; Xu et al. 2015; Zhang et al. 2016a,b), CHIME
(Bandura et al. 2014), BINGO (Dickinson 2014) and
Hydrogen Intensity and Real-time Analysis eXperiment
(HIRAX; Newburgh et al. 2016). For such projects, the
(synthetic) aperture is 50 ~ 100 m. Below, we shall con-
sider a fiducial frequency of 800 MHz (z = 0.7755) and
a 100 m aperture, and the corresponding full width at half
maximum (FWHM) resolution is 0.25°.

We generate the 21 cm signal as follows. We adopt
the Planck 2015 (Planck Collaboration et al. 2016) best
fit cosmological parameters for our fiducial model. For
z = 0.7755 the corresponding comoving angular diam-
eter distance is D4 = 1068.95 Mpch~'. We consider a
frequency resolution of 0.1 MHz, corresponding to a co-
moving radial distance interval of AD, = 0.43 Mpc h™!
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at this redshift. For our 21 cm simulation, we generate an
image cube with 200 voxels, which is convenient for
computation. Then the frequency interval is 20 MHz, i.e.
790 ~ 810 MHz. The corresponding angular size per
pixel is A0 = AD./D4 = 0.023°, smaller than the
beam FWHM, which is good as our computation pre-
cision would not be affected by too large pixel sizes.
The whole box has an angular area of 4.6° x 4.6°. The
volume of the corresponding 3D box in real space is
V = L3 = (86 Mpch™1)3.

We assume a thermal noise with 0,, = 200mK per
voxel, which is ~ 102 times the 21 cm fluctuation of
~0.2mK in our frequency (redshift) range. Note that the
beam area is about 102 times larger than the pixel area, so
if the noise from different pixels is independent of each
other, this corresponds to a noise level of o7 = 20 mK
per beam. Note that using the measurement equation

Tiys
WAVt
where 7 < 1 is the efficiency of the system and taking
Av = 0.1 MHz. If the system is stable with a typical

system temperature of Tyy,s = 20K ~ 100K and the
noise is thermal, this level of noise can be achieved with

3)

o ~

a few minutes of integration time. However, in real tele-
scopes there might be a noise floor of non-thermal origin
preventing the noise from reaching the low thermal value
given by Equation (3) no matter how long the integration
time is, so the actual noise might be higher.

Assuming the neutral hydrogen evolution is linear
on the relevant scales, the dark matter power spectrum
is shown in Figure 1. We then generate a random den-
sity distribution in the simulation box according to the
power spectrum. Adopting an HI bias of byr = 0.70 and
HI density ratio Qgy = 6.6 X 1074 (Chang et al. 2010;
Masui et al. 2013), the average brightness temperature of
the 21 cm signal around z~0.8 is given by

_ Qmi h 1+ 2\?
T =~ 0.284 <1o—3> <o.73> ( 18 )

_3\ —1/2
y (Qm+QA(1+Z) ) K. )

0.37

The simulated 21 cm fluctuation temperature map with
8T (x) = burT216(x) is shown in the top panel of
Figure 2. We also produce a map convolved with a
Gaussian beam whose FWHM resolution is 0.25°, corre-
sponding to the resolution of a telescope with an aperture
of ~ 100 m at 800 MHz frequency; this is shown in the
bottom panel of Figure 2.
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Fig.1 Power spectrum of dark matter at z = 0.7755 (with non-linear correction).

We also include a few simple foreground models
in the simulation. At the low frequencies, we consider
three kinds of spectral indices of diffuse foreground:
the Galactic synchrotron emission which dominates the
low-frequency sky; a slightly more sophisticated model
with frequency-varying index; multiple indices which are
likely to be produced by additional components such as
synchrotron emission, free-free emission, etc. In the sim-
plest case, the brightness temperature of the foreground
component is modeled with a single spectral index,

flv) = A, <Ui)ﬁ

We adopt A, = 5.3K, the average temperature of fore-
ground at 800 MHz (Zheng et al. 2017) and 3, = —2.76
(Reich & Reich 1988; Testori et al. 2001). A slight im-
provement is to consider a running index foreground
given by Wang et al. (2006)

(&)

|y Bx—0.11n(v/vy)
J(v) = A. (—) | ©)
Vs
Finally, for a foreground with multiple indices
L\ 276 L\ 21
f(v)=5.3 (—) +0.2 (—)
Vs Vs
@)

v —3.2
+0.1 (—) .
Vi

In Figure 3, we show the input 21 cm signal along
one LoS in the top panel, and the total temperature in-
cluding the 21 cm signal, the foreground (a single power
index component) and randomly generated noise in the
bottom panel.

3 RESULTS

Here we apply this method to extraction of the 21 cm
signal from the observational data with foreground and
noise. In the present paper, we shall adopt a two step
procedure: in the first step, we process the data cube
along each LoS by removing the smoothly distributed
foreground component. In the second step, we apply the
Wiener filter in the 2D angular space, which reduces the
noise significantly to recover the 21 cm signal.

3.1 Frequency Filtering

In frequency space, for the relatively low resolution
(0.1 MHz) required for intensity mapping, we may ne-
glect the small side lobes in the frequency channels and
take A = I, where I is the identity matrix. We rewrite
Equation (1) as

y(v) = f(v) +s(v) + n(v), ®)

where f(v) is the foreground, s(v) is the 21 cm sig-
nal and n(v) is the noise, which we assume to be
white noise with zero mean. We assume the signal, fore-
ground and noise are uncorrelated with each other, so that
(f+s+n)(f+s+n)T) = F+S + N, where
S=(ss"),F=(ff") and N = (nnT).

Along one LoS, both the 21 cm signal and noise
are stochastically varying on the relevant scales, while
the foreground is smoother, so here we may use this to
extract the foreground from the data first. If we ignore
the slight imperfections in frequency channels which are
fairly small, so that the response can be treated as a §
function, the foreground extraction filter is defined by
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Fig.2 Top: the simulated 21 cm signal at 800 MHz; bottom: the 21 cm signal convolved with an FWHM 0.25° Gaussian beam.

W/ = F[F + S + N| !, while the signal+noise is de-
scribed by W, =T — W/,

We note that in the real world, the foreground is un-
known, so strictly speaking the Wiener filter method can-
not be applied. Nevertheless, the foreground is believed
to be smooth in frequency space, so that even though the
Wiener filter constructed this way is not very precise, it
could still serve as a low-pass filter to extract the smooth
component of the data. In fact, we also tried applying a
simple low-pass filter and found the result is practically
the same.

The filtered data Wy and [T — W7]y are shown
for a random LoS in Figure 4. From top to bottom, the
three panels show the result for the single index, vary-
ing index and multi-component cases respectively. The
smoothly varying and stochastically varying components
are separated, but the 21 cm signal is still mixed with the
noise.

3.2 Angular Space Filtering

We apply angular space filtering to separate the 21 cm
signal from noise. To simplify the notation, we will omit
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Fig.3 The input spectrum along one LoS. Top: the input 21 cm signal; Bottom: 21 cm signal + single index foreground + noise.

the frequency variable v in the expressions provided be-
low, though it should be understood that all the observ-
ables and beams are functions of v.

We label the pixels of the sky with the angular posi-
tion 6, then the Gaussian beam response A is described
by

L —16-0'2/203), ©)

2mog

Agor =

The covariance matrix S is defined by the angular
correlation function of the signal

Seer = (T21(0)T21(0")) = C(|0 - 0')). (10)

Here we have assumed that the 21 cm signal is statisti-
cally isotropic and homogeneous, i.e. the statistics do not
depend on the position in the sky or the direction 6 — 6’.

Expanding in spherical harmonics, we have

T(0) = amYim(0). (1)
L,m

Substituting Equation (11) into Equation (10) and using
the relation <a[,ma7,7m,> = Cy01,1/Oyn,,m» We obtain

C(0—0') =D CYim(0)Y",(0). (12)
I,m

Applying the addition theorem for spherical harmonics

20+1
4

™

l
> Yim(0)Y,(0) = Pi(6-6),

m=—I1

where P, is the Legendre polynomial of [-th order, and
6-6' = cos 0 where 0 is used to denote the angle between
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Fig.4 Left: extracted foregrounds (W7 y). Right: extracted 21 cm+noise (r- w# ). Top to bottom: different foreground models
with single index, running index and multiple indices respectively.
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Fig.5 C (lefr) and C(0) (right) of 21 cm signal at z ~ 0.8.
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the unit vectors 6 and €', we finally obtain

2041
S0 = zl: ——Ci Pi(cos0). (13)
C} can be computed from the power spectrum by

considering its projection on a thin shell with bandwidth
Av (Santos et al. 2005),

2AL?
Gv) = —

[ #dkPa k) k). s
In Figure 5 we show the angular power spectrum C;
(top panel) and corresponding angular correlation func-
tion C(#) (bottom) panel. The correlation between 21 cm
signal drops rapidly at [ ~ 102 or on the degree scale.
The noise covariance matrix for pixels 8, 0’ is given
by
No.6: = Node.e', (15)

where for simplicity we have assumed a constant noise
Njy. Note that in Equation (1), if the vector x represents
sky pixels while y corresponds to time-ordered data, then
the different elements of n are data taken at different
times and may be considered independent random sam-
ples, so the noise matrix N is diagonal. If we use pix-
els finer than the beam size, then when we re-bin the
time-ordered data into sky pixels, the noise in adjacent
pixels with angular distance smaller than the beam size
would be correlated; this is automatically taken into ac-
count in the Wiener filter, described in Equation (2), by
the response matrix A and A™. In the real world, the
noise may be more complicated, for example, the noise
level may be direction-dependent, either due to brighter
sky temperature or because of the operating condition of
the telescope receiver. Furthermore, even the data taken
at different times may have some correlation due to the
presence of 1/ f noise. These effects can also be handled
by the Wiener filtering algorithm, if the noise covariance
matrix N is known. In the present work we shall assume
the simple case where the noise is uncorrelated and con-
stant.

Figure 6 shows the extracted 21 cm map by apply-
ing the Wiener filter. From top to bottom, we plot the
input map with the 21 cm signal plus 200 mK noise, the
extracted 21 cm map, and the difference between the ex-
tracted map and the input map. Despite the high noise
level, the 21 cm signal is successfully recovered; the dif-
ference between the recovered map and the original one
is very small. Note that the Wiener filter is obtained by
using the angular correlation function computed from the

Q.-Z. Huang et al.: Extracting 21 cm Signal

cosmological model, which corresponds to the ensemble
average value; the actual realization may differ slightly
due to sample variance, so the recovery would not be per-
fect.

In fact, the method could also work reasonably well
even if the noise level is still higher. This is depicted in
Figure 7, where the noise is assumed to be 2000 mK.
Here we see that the difference between the recovered
21 cm map and the original one is larger than in Figure 6,
but the overall structure of the 21 cm intensity is still
clearly seen, and the difference between the two maps is
still much smaller than the 21 cm brightness temperature.

In Figure 8 we display the recovered 21 cm power
spectrum and relative error. The error bars are estimated
from the variance in k-space. The error obtained here is
for the simulation box which is (86 Mpc h~1)3. If we as-
sume that the relative error scales simply as AP/P ~
V—1/2 we estimate that in order to achieve 1% statisti-
cal precision on the power spectrumatk = 0.1 h Mpc ™!,
the required survey volume is (370 Mpch~1)3. The ac-
tual error may be larger when sampling variance and im-
perfection in reconstruction are taken into account.

When making the map, the Wiener filter automat-
ically deconvolves the data. In the above analysis the
beam is assumed to be perfectly known, so the recov-
ery is very accurate even when noise is present. Indeed,
some finer details whose scales are smaller than that of
the beam width are recovered in the reconstructed map,
which shows the power of the Wiener filter method.
However, in the real world the beam is only known ei-
ther by electromagnetic field simulation or by calibra-
tion measurements, and both approaches have errors. We
make a simple demonstration of the effect of an inaccu-
rately known beam by the following exercise: we assume
the real beam is a Gaussian with a beam width (FWHM)
of 0.25°, but then in the reconstruction we use Gaussian
beams with slightly different beam widths.

The result is shown in Figure 9. The top panels dis-
play the original 21 cm signal (top left, same as the top
panel of Fig. 2) and the reconstructed map with the cor-
rect beam size (top right, same as the middle panel of
Fig. 6); we put these here again for easy comparison.
The bottom panels depict the reconstructed map with
Gaussian beams having incorrect beam widths of 0.23°
(bottom left) and 0.20° (bottom right). We see that when
incorrect beam widths are used, the whole reconstructed
map becomes “fuzzier” and the finer details of the origi-
nal maps are lost, though the overall large scale structure
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Fig.6 Top Panel: 21 cm map + noise; Middle Panel: ex-
tracted 21 cm map; Bottom: difference between the ex-
tracted and input 21 cm maps.
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Fig.9 Effect of inaccurate beam on map reconstruction. Here we assume the real beam size is 0.25°. Top Left: input 21 cm map;
Top Right: reconstructed 21 cm map from noise of 200 mK, with the correct beam size of 0.25°; Bottom Left: reconstruction with
the incorrect beam width of 0.23°; Bottom Right: reconstruction with the incorrect beam width of 0.20°.
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is still very similar. In the real world, of course, devia-
tion from the beam might be more irregular and com-
plicated, but the overall effect would be losing the de-
tails below the beam resolution while retaining the larger
overall structures.

4 DISCUSSION AND CONCLUSIONS

A 3D cosmological neutral hydrogen survey over a large
fraction of the sky is an efficient way to study our
Universe. A number of instruments have been developed
or are being designed for such surveys. However, a great
challenge is that both the foreground radiation and noise
are several orders of magnitude larger than the 21 cm sig-
nal. To extract the cosmological 21 cm signal from the
data collected from such instruments, an efficient extrac-
tion method is required.

This paper is an exploratory study of this issue us-
ing the Wiener filter, which is widely utilized in the field
of signal processing. We have taken as an example the
analysis of data processing for a mid-redshift experiment,
which is aimed at measuring the dark energy equation
of state by using the BAO features in the large scale
structure. However, the method is also applicable for the
EoR experiments. Assuming that the data have been pre-
processed and an image cube has been produced, we
used a two step procedure to extract the 21 cm signal.
We first subtract the foreground by removing the smooth
component in the frequency spectrum along each LoS.
Previously, Liu & Tegmark (2012) applied the Wiener
filter method to extract the foreground from the 21 cm
experiment, but they are mostly concerned with the fre-
quency spectrum, which is applicable to the 21 cm global
spectrum experiment, or to one LoS for the 21 cm in-
tensity mapping experiment, corresponding to this first
step. However, we then go one step further, extracting the
21 cm signal by applying the Wiener filter on the 2D an-
gular space. Our simulation shows that the 21 cm signal
could be recovered with good precision. In actual data
analysis, the power spectrum of the 21 cm signal is not
precisely known, but from other cosmological observa-
tions an approximate value could be inferred. Starting
from the approximate value, one can apply the filter it-
eratively to improve the estimate.

In the present study we have made a number of sim-
plifying assumptions. In an actual experiment, the beam
shape is more complicated, frequency-dependent and
only known to a limited precision, the calibration proce-
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dure may introduce additional errors, and the noise may
be non-thermal and have more complicated statistical
properties. All of these factors may affect the extraction
of the 21 cm signal. To overcome these problems, one
needs to consider the specific experiment. Nevertheless,
the Wiener filtering may provide a very useful tool for
21 cm data analysis.
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