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Abstract. The Canonical Transform (CT) method in different modifications is widely 

employed for processing radio occultation data. The leading idea of the method consists in the 

transformation of the measured wave field into the diffractionless representation, where the CT 

amplitude is only defined by the horizontal gradient of the atmospheric refractivity field. In this 
paper, we develop the theory of the fluctuation of the CT amplitude in the framework of the 

geometric optics (GO). The GO approximation is based on the Hamilton form of the ray 

equations, transformed into the representation of the ray impact parameter. The variations of 

the CT amplitude are defined by the variation of the ray tube cross-section. We derive the 

expression for the CT amplitude fluctuation spectrum as an operator on the 3-D fluctuation 

spectrum of the atmospheric refractivity described by the Kolmogorov turbulence model. We 

perform the numerical simulation using the split-step method, which indicates that the 

expression for the spectrum is in a good agreement with the simulated amplitude fluctuation. 

We estimate of the diffraction limit of the GO approximation. 

1.  Introduction 

Currently, the radio occultation (RO) method is successfully applied for the numerical weather 

prediction and climate change monitoring. The RO method has the following advantages: stability, 
global coverage, absence of the necessity of calibration, low cost, all-weather capabilities, and high 

vertical resolution. Nevertheless, this method has its limitations: low horizontal resolution, sensitivity 

to residual ionospheric noise above 30 km, ambiguity of temperature retrieval in presence of humidity, 
and biases in the lower troposphere [1]. 

The impressive success of the GPS/MET experiment stimulated the further development of RO 

satellite and constellations, including Challenging Minisatellite Payload (CHAMP) and Constellation 

Observing System for Meteorology, Ionosphere, and Climate (COSMIC). RO data are employed by 
the leading centers for the numerical weather prediction, such as European Centre for Medium-Range 

Weather Forecasts (ECMWF) [1]–[5]. 

Due the aforementioned advantages of the RO method, it is not only useful for the retrieval of 
regular profiles of meteorological variables, but also for the study of random inhomogeneities of 

atmospheric refractivity from the fluctuations of received signals [5]–[9]. The observations of stellar 

scintillations indicated that the Earth's atmosphere is characterized by the following two types of 
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inhomogeneities: 1) isotropic fluctuations (Kolmogorov turbulence) and 2) strongly anisotropic 

layered structures (internal gravity waves). Based on these observations, the empiric two-component 

model of the 3-D inhomogeneity spectrum is developed [10]–[12].  

An increasing number of papers discuss the use of GPS RO for the study of random atmospheric 
inhomogeneities. In particular, in [13], a study of atmospheric turbulence is presented, based on the 

Canonical Transform (CT) method. The authors applied the Rytov weak fluctuation theory for the 

estimate of the CT amplitude fluctuations. However, the wave field transformed into the impact 
parameter representation, according to the CT method, is described by an equation that differ from the 

standard parabolic equation, for which the Rytov method is formulated. 

In this paper, we develop the theory of RO signal fluctuations based on the geometric optical (GO) 

approximation of the CT method. The CT method [14], [14] is used for the retrieval of bending angle 
profiles from RO observations, based on the reconstruction of ray manifold structure of the wave field. 

There are different choices of the canonical coordinates in the phase space. In the CT method, the ray 

impact parameter is used as the unique coordinate of the ray manifold for the case of weak horizontal 
gradients of refractivity [14]. 

Meteorological parameters are retrieved from RO observations of amplitude and excess phase 

[14]–[17], while the ionospheric contribution is removed [18], [19]. At different stages of the RO data 
processing, different approximations are involved. Due to the observation geometry, there is a 

limitation of the maximum value of the observed bending angle [19]. This is explained by the fact that 

in this case it is necessary to measure very weak signals, which are sensitive to noise. 

Bending angle and impact parameter can evaluated from the Doppler frequency shift and 
observation geometry under the assumption of local spherical symmetry of the atmosphere. Because 

the real atmosphere has horizontal gradients, the concept of the effective bending angle and impact 

parameter is introduced [21], which are evaluated using the formulas for a spherically layered 
atmosphere, but are looked at as known functionals from the 3-D refractivity field. 

The basic assumption in all the approaches based on Fourier Integral Operators (FIO) is that the 

impact parameter should be a unique coordinate of the ray manifold and, therefore, bending angle is a 

unique function of impact parameter. This assumption was used in the Back Propagation method [22], 
[23], CT method [14], [14], Full Spectrum Inversion (FSI) method [24], and Phase Matching (PM) 

method [24] Random fluctuations of refractivity field that result in random fluctuation s of observed 

amplitudes and phases can also result in biases [1]. The weak fluctuation theory was developed in 
[26], [27]. The idea of studying the transformed field, instead of the observed field, was first 

introduced in [13]. The value of this approach consists in the fact that the FIO used in the CT method 

removes the effects of the wave field propagation in the free space. Therefore, it mitigates the 
limitations due to the Fresnel zone size. Because the field in the impact parameter representation is 

described by a different (not the standard parabolic) equation, the Rytov weak fluctuation theory 

cannot be applied. In this paper, we derive the fluctuation spectrum of CT amplitude using the GO 

approximation of the CT method. In order to validate the derived expression, we perform a numerical 
simulation based on the split-step method with random phase screens for the Kolmogorov isotropic 

turbulence model. 

2.  The derivation of the CT amplitude fluctuation spectrum in the GO approximation 
We are using the following model of the refractivity fluctuation spectrum: 

  
2 2 2 2/2

2 2 2 2 2 2 2

2

( )
( ) exp ,

s s p
AC s s p K

k





   
         

 

  (1) 

where , ,s s p  are the 3-D components of vector   s  being the along-ray horizontal component, s  

being the transversal component, and p  being the vertical component, the x axis points in the 

direction of the incident ray; 2C  is the structure constant defining the intensity of fluctuations  ,   is 
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the anisotropy coefficient, which equal the ratio of the horizontal and vertical scales, 
2 2

,K k
L l

 
   

are the external and internal scales, respectively. 

We evaluate the fluctuation spectrum in the straight-line approximation. The coordinates along the 

ray trajectory have the following form: 

 
2

2 2( ) , ( ) , ,
2

s s
s r s p s p x r s

a a
           (2) 

where a  is the Earth's radius. 

The analysis of the fluctuations will be based on the assumption that relative fluctuations of the 
refractivity are statistically homogeneous in the space [31]. This allows the representation of 

refractivity in the form (1 )N N N n     , where N   is the average value, and   

describes the random relative fluctuations, 0  , and variance 2 1 . In a way similar to [31], 

the wave field in the transformed space is represented in the following form: 

  
( )

( ) ( ), exp exp ,
r s a p a

u p f r s s ds
H H

    
     

   
    (3) 

where H  is the height scale of the homogeneous atmosphere, approximately equal to 8 km. 

According to [32]: 

 
( ( ), )

( ( ), )
n r s s

f r s s





.  (4) 

We represent function  ,f r s  in terms of its Fourier transform: 

    
1

( ), , exp( ( ) )
2

f r s s f r s ir s r iss drds 
 

. (5) 

Switching to the ray trajectory coordinates (2) and taking the Fourier transform according to (5), we 

arrive at the following expression: 

  
( ( ), )

( ( ), ) , exp( ( ) )
2

n r s s ais
f r s s a n r s ir s r iss drds

s


   

  
. (6) 

The Fourier transform of the wave field in the transformed space as a function of the horizontal 

gradient of refractivity can be inferred as follows: 

 
2

( ) ( , ) exp
1 2(1 )

aH aHs
u p ia n r s s ds

ipH ipH

 
       

   (7) 

Differentiating ( )u p  with respect to the impact parameter p , we obtain the variation of the CT 

amplitude, because ( )u p  corresponds to Rp , and  ( ),f r s s  is variation of gradient 0( , )n r 


, 

according to (2), with respect to s : 
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2
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2 2 2(1 i )
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C d C aHs
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dp pH
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  (8) 

Taking the Fourier transform of the derivative and remembering Eq. (5), we infer that the factor inside 

the integral 
( , )n p s

s




 equals i ( , ),s n p s  and 

( , )d n p s

dp


 equals i ( , ),p n p s  where s  and p  are the 

frequency factors. 
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  (9) 

Due to the spectral density definition: 

 ( ), *( ) ( ) ( ),uu p u p p p p           (10) 

The spectral density of the CT amplitude can then be expressed as follows: 

 
2 ( ) *( )

, ( ) ( ),
4

u

C du p du p
p p p

dp dp

   
    

 
  (11) 

From this, we derive: 
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where ( )p  satisfies ( , ), ( , ) ( , ) ( ) ( )n p s n p s p s p p s s              . Due to the definition of 

 :  

 1 2
1 1 2 2 1 2
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where 2 2 2 2
1 1 2 2, .p p s p p s      Finally, we arrive at the following expression: 
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Expression (14) can be approximated for large p  as follows: 
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Figure 1. Cross-spectra of CT amplitude evaluated for the wave field simulated by the split-step 

method with screen-to-screen step of 5 km, for frequency channels of 1, 2, 4, and 8 GHz. 
 

3.  Numerical Simulations 

In order to validate the above expression for the fluctuation spectrum of the CT amplitude (15), we 

performed a numerical simulation using the split-step method with random phase screens [1] and 
evaluated the normalized spectral density for the frequency channels of 1,2,4 и 8 GHz. For the 

simulation, we used the Kolmogorov spectrum with 1 , 11/ 3  , 0.033A . 

Figures 1 and 2 present the cross-spectra of the CT amplitude for different frequency channels for the 
scree-to-screen distance of 5 and 10 km. The differences between these two plots are insignificant. 

Currently, there is no any reliable theoretical estimate of the diffraction limit for the wave field in the 

transformed space. It can be inferred from these plots, because in the GO approximation, the CT 
amplitude should be independent on the frequency channel, and, therefore, its fluctuations should be 

identical for different channels. For the frequency channels in question, the diffraction effects become 

visible for spatial scales below 50–100 m. 
Figures 3 and 4 present the CT amplitude fluctuation spectra for screen-to-screen steps of 5 and 10 

km. Similar to figures 1 and 2, the results for the two screen-to-screen steps are practically identical, 

which confirms that the step is chosen small enough for obtaining stable results. The plots clearly 

indicate the diffractive decay of the spectrum. The spatial frequency, where the decay starts, is 
proportional to the square root of the channel frequency. The result for the analytical formula (15) are 

in a good agreement with the low-frequency part of the fluctuation spectra. The decay of the analytical 

spectrum (15) is explained by the influence of the internal scale, which was chosen to be 100 m. 
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Figure 2. Cross-spectra of CT amplitude evaluated for the wave field simulated by the split-step 

method with screen-to-screen step of 10 km, for frequency channels of 1, 2, 4, and 8 GHz. 
 

 

Figure 3. Spectra of CT amplitude evaluated for the wave field simulated by the split-step method 
with screen-to-screen step of 5 km, for frequency channels of 1, 2, 4, and 8 GHz, in comparison to the 

analytical expression (15) with the internal scale l  = 100 m. 
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Figure 4. Spectra of CT amplitude evaluated for the wave field simulated by the split-step method 
with screen-to-screen step of 10 km, for frequency channels of 1, 2, 4, and 8 GHz, in comparison to 

the analytical expression (15) with the internal scale of 100 m. 

 

4.  Conclusions 
In this study, we, for the first time, derive the expression for the spectral density of amplitude, of wave 

field observed in RO experiments and transformed into the impact parameter representation. We used 

a general model of the refractivity fluctuation spectral density obeying the power law with the constant 
anisotropy. We applied the geometric optical approximation of the Canonical Transform method [5], 

[26], [27], [31]. We performed a numerical simulation of RO sounding of the atmosphere with random 

fluctuations of the refractivity and evaluated the fluctuation spectra of the CT amplitude. The 

comparison of the simulation results with the analytical formula indicated their good agreement below 
the diffractive limit of the spatial frequencies. The results of this paper can be useful for the study of 

the atmospheric refractivity fluctuations. The CT amplitude is more convenient than the observed 

amplitude, because the former is insensitive to regular spherically layered structures. 
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